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THE FACTOR PROBLEM FOR POLYNOMIALS

If (Px, || - |l) k = a, b, c are three spaces of scalar polynomials
with P - Q € P for all P € P,, Q € Pp, we search for constants
A, it > 0 such that

APl Qlle < 1P - Qlle < ullPllal| 1l

for all P € P, and Q € Py.
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THE FACTOR PROBLEM IN BANACH SPACES

For a Banach space E:
© Pn(E): Space of bounded polynomials on E of degree < n.
@ P("E): Space of bounded n-homogeneous polynomials on E.

© Pn(E) and P("E) are endowed with the usual sup norm over
the closed unit ball B of E:

IPIl = sup{|P(x)| : x € Be}.
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PRODUCTS OF ARBITRARY POLYNOMIALS

Definition
If E is a B. s. over K, Mg(n, k; E) denotes the best constant in

1P -1IQII < Mx(n, k; E)||P- Q

for all P € Pp(E) and Q € P«(E).

Theorem (Benitez, Sarantopoulos and Tonge — 1998)

If E is any complex Banach space then

(n + k)n+k

Mc(n, ki E) < =%
Equality is attained for E = ¢1(C) and

P((3)iZ1) = 1+~ Xn,

Q((Xj)j.il) = Xn+1 " Xntk-

Gustavo Adolfo Muiioz Fernandez Workshop in Functional Analysis



Banach spaces Finite # of variables All polynomials

PRODUCTS OF ARBITRARY POLYNOMIALS

Homogeneous polynomials

Linear forms

Theorem (Aradjo, Enflo, M., Rodriguez, Seoane (2021))

If E is any real B. s. then
1

I\/IR(n, k; E) = §Cn+k,ncn+k,k7

where

_ ss (2j—1)’/T
Crs =2 || 1+c0572 forl <s<r.
r

j=1
Equality is attained when E = R and

P vanishes at the n roots of T, closest to —1.

@ vanishes at the other k roots of T, .
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PRODUCTS OF HOMOGENEOUS POLYNOMIALS

Definition

If E is a B. s. over K, MA(n, k; E) denotes the best constant in
1P QI < Mg (n, k; E)IP - Q]

for all P € P("E) and Q € P(¥E).

Theorem (Pinasco — 2012)

If H is a complex Hilbert space then

(n e k)n+k

M (n, k; H) = T

Equality is attained for H = ¢3(C) and

P(zi,2) = z] and Q(zi,2) = z¥.
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PRODUCTS OF HOMOGENEOUS POLYNOMIALS

Theorem (Carando, Pinasco & Rodriguez (2013))
If 1 < p < 2then

» (n L k)n—i—k

M(g(”a k; Lp(:u)) = nnkk

Equality is attained for E%(C) and

P(z1,2) = 2z] and Q(z1,2) = z¥.
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PRODUCTS LINEAR FORMS

Homogeneous polynomials Linear forms

Definition (Linear polarization constants)

If E is a B. s. over K then cg(m; E) denotes the best constant in

ILall - Lmll < (m; E)[La-- - L

forall Ly,..., Ly € E*.

Theorem
If E is a B. s. over K with dim(E) > m then
ck(m; E) < m™

with equality for £ = ¢1(K) and Lk((x;)72;) = xk, L < k < m.
@ Benitez, Sarantopoulos and Tonge (1998) for K = C.
@ Révész and Sarantopoulos (2004) for K = R.
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LINEAR POLARIZATION CONSTANTS

Theorem (Arias de Reyna — 1998)
If H is a complex Hilbert space with dim(H) > m then

ce(m; H) = m?.
Equality is attained for
Le(x) = (ak,x) (1< k< m)

where {a1,...,an} is orthonormal.
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LINEAR POLARIZATION CONSTANTS

It has been conjectured that cg(m, f2) = m?.

Proved for m < 5: Benitez, Sarantopoulos and Tonge (1998).
Proved for m < 14. Pinasco (2022).

cr(m, 0) < (%gm)f . Where %5 ~ 1.9115: Frenkel
(2008).

o cr(m, ) < m2™*. m2 = m(v2m)2 for sufficiently large
m: M. Sarantopoulos and Seoane (2010).
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A FEW INSTANCES OF INTEREST

Polynomials on the real line of degree at most n and m and
coefficients in K.

Polynomials on the complex plane of degree at most n and m
and coefficients in K.

Polynomials in several variables of degree at most n and m
and with coefficients in K.

© o0 o o

Even infinite series.

.

© Sup norm over [—1,1] or D.
Q L, like norms.

© The £, norm of the coefficients.

© Lacunary norms.

.
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POLYNOMIALS IN SEVERAL VARIABLES

Definition
P(x) = Z|a|§n aux®, x€CN, 1< p< oo
1

Q [P, = (Z|a|snlaa|”)”-
O [Pl = max{|a,] : |a| < n}.
1
n! -1 P
© [Plo = (Tjajen ()7 2al?)”.
1
2w 27 i i P
O 1Pl = (J5™ - ST IP(e™s, .. )Pl .. )P,
O ||P|loc = sup{|P(e™,... )| :6,...,0n € R}.

Estimate the best A, i in A||P[| - || Q|| < ||P - Q| < u||P] - | Q| for
various combinations of the norms above.
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POLYNOMIALS IN SEVERAL VARIABLES

Definition (Concentration)

P € P,(CN) has concentration d € (0, 1] at degree k if

Pleli =Y laa| > d|Pls.
lo| <k

Theorem (Enflo — 1987)

There is \(dy, da, 0, k') > 0 such that for every P € P,(CN) with
concentration dy at degree n’ and every Q@ € Px(CN) with
concentration d, at degree k' we have

|P-Ql1 > APl |Ql1.
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AcTtA MATHEMATICA

On the invariant subspace problem for Banach spaces
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HOMOGENEOUS POLYNOMIALS IN SEVERAL VARIABLES

Theorem (Enflo — 1987)
There is \(n, k) > 0 such that for P € P("CN) and Q € P(kCN),

[P Ql1 = APl - [@Ql1

Theorem (Beauzamy, Bombieri, Enflo, Montgomery — 1990)
If P and @ are homogeneous of degree n and k and 1 < p < co:

n+k
[P Qlp <27 |Plp-[Qlp,

[P-Qlp > (nn—:._kl!()! [Plp - [Qlp-
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POLYNOMIALS IN ONE VARIABLE

Definition (Lacunary sets) |
(a) The O-lacunary sets are of the form {k} with k € N.

(b) Given k € N and E C N, E is k-lacunary if for every positive
integer m, (m+ E) N E is contained in a (k — 1)-lacunary set.

The set of all k-lacunary subsets of N is denoted by €.

Definition (Polynomial lacunary norm)

|hlk—tac = Sup lhlel for h= 370 hixl, hle(x) = 3 ;cp hix.
k

Proposition

‘q‘l = kimm‘q‘kflac > 2 |q|k71ac > 2 ‘q‘Oflac = |q|oo :
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POLYNOMIALS IN ONE VARIABLE

Theorem (Aradjo, Enflo, M., Rodriguez, Seoane — 2021)

Given n,C,K,i, and Q > 1, thereisa f = [ (n,C,K,Q,i) >0
such that for all polynomials h and q satisfying

’h’i—lacS Q|h0|7
|h|1 < K|h’i—lac7
lal; < Clalnly,

where hy #£ 0 is the independent term of h, we have

|hq’i—lac > ﬁ(nv C’ K7 Qvi) |h|1 |q|1 .
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Thank you for your attention
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