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Srongly norm-attaining Lipschitz maps

Given a complete metric space (M, d) with a distinguished point 0 € M and a

Banach space Y, we consider the space

Lipo(M, Y) := {f : M — Y : fis Lipschitz, f(0) = 0}

which is a Banach space when equipped with the norm

e = s { IR 2y}
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Srongly norm-attaining Lipschitz maps

Given a complete metric space (M, d) with a distinguished point 0 € M and a
Banach space Y, we consider the space

Lipo(M, Y) := {f : M — Y : fis Lipschitz, f(0) = 0}

which is a Banach space when equipped with the norm

e = s { IR 2y}

We say that f strongly attains its norm if

d(x,y)

for some x,y € M. We denote SNA(M, Y) the set of such maps.
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Srongly norm-attaining Lipschitz maps

Given a complete metric space (M, d) with a distinguished point 0 € M and a
Banach space Y, we consider the space

Lipo(M, Y) := {f : M — Y : fis Lipschitz, f(0) = 0}

which is a Banach space when equipped with the norm

e = s { IR 2y}

We say that f strongly attains its norm if

d(x,y)

for some x,y € M. We denote SNA(M, Y) the set of such maps.

Problem
When SNA(M, Y) = Lipy(M, Y)?
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Negative results

Theorem (V. Kadets, M. Martin, M. Soloviova, 2016)

If M is geodesic (in particular, M = [0, 1]) then SNA(M,R) # Lipy(M,R).
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Negative results

Theorem (V. Kadets, M. Martin, M. Soloviova, 2016)

If M is geodesic (in particular, M = [0, 1]) then SNA(M,R) # Lipy(M,R).

Theorem (B. Cascales, R. Chiclana, L. Garcia-Lirola, M. Martin

and A.R.Z., 2019)

SNA(M,R) # Lipg(M,R) provided

@ M is a length space (i.e. d(x, y) is the infimum of the length of curves
joining x and y, for every x,y).
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Negative results

Theorem (V. Kadets, M. Martin, M. Soloviova, 2016)

If M is geodesic (in particular, M = [0, 1]) then SNA(M,R) # Lipy(M,R).

Theorem (B. Cascales, R. Chiclana, L. Garcia-Lirola, M. Martin

and A.R.Z., 2019)

SNA(M,R) # Lipg(M,R) provided

@ M is a length space (i.e. d(x, y) is the infimum of the length of curves
joining x and y, for every x,y).

@ M C R is compact and A\(M) > 0.
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Negative results

Theorem (V. Kadets, M. Martin, M. Soloviova, 2016)

If M is geodesic (in particular, M = [0, 1]) then SNA(M,R) # Lipg(M,R).

Theorem (B. Cascales, R. Chiclana, L. Garcia-Lirola, M. Martin

and A.R.Z., 2019)

SNA(M,R) # Lipy(M,R) provided
@ M is a length space (i.e. d(x, y) is the infimum of the length of curves
joining x and y, for every x, y).
@ M C R is compact and A(M) > 0.

Theorem (R. Chiclana, L. Garcia-Lirola, M. Martin and A.R.Z.,

2019)
SNA(T,R) # Lipo(T, R), where T denotes the unit circle in R?.
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Lispchitz-free spaces

Given m € M we can define the evaluaton mapping d, € Lipg(M)* by
om(f) = f(m) for all f € Lipy(M).
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Lispchitz-free spaces

Given m € M we can define the evaluaton mapping ¢, € Lipy(M)* by
om(f) = f(m) for all f € Lipy(M). If we define F(M) :=span{d, : me M} we
get that

F(M)* = Lipg(M).
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Linearisation of Lipschitz mappings

Given a metric space M, a Banach space Y and a Lispchitzmap f: M — Y
such that f(0) = 0, there exists a bounded operator f : 7(M) — Y defined by

f(6m) := f(m)
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Linearisation of Lipschitz mappings

Given a metric space M, a Banach space Y and a Lispchitzmap f: M — Y
such that f(0) = 0, there exists a bounded operator f : 7(M) — Y defined by

f(6m) := f(m)

This operator f satisfies that || 7| = ||f||. and that the following diagram is
conmutative

M— sy

4 A
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Linearisation of Lipschitz mappings

Given a metric space M, a Banach space Y and a Lispchitzmap f: M — Y
such that f(0) = 0, there exists a bounded operator f : 7(M) — Y defined by

f(6m) := f(m)

This operator f satisfies that || 7| = ||f||. and that the following diagram is
conmutative

I

From here it follows that the mapping

Lipp(M,Y) — L(F(M),Y),
f — f

is an onto linear isometry, so Lipy(M, Y) = L(F(M), Y).
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Positive resulis |

Note that, if f strongly attains its norm at x, y € M, then

5 (0(x) —6(y)

fl ———== ] =|f
(") =1

SNA(M, Y) c NA(F(M), Y),

Therefore
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Positive resulis |

Note that, if f strongly attains its norm at x, y € M, then

(T )| =

Therefore
SNA(M, Y) Cc NA(F(M),Y),

and the inclusion may be strict (e.g. SNA([0, 1], R) & NA(F([0, 1]),R)).
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Positive resulis |

Note that, if f strongly attains its norm at x, y € M, then

(T )| =

Therefore

SNA(M, Y) c NA(F(M), Y),
and the inclusion may be strict (e.g. SNA([0, 1], R) & NA(F([0, 1]),R)).

Theorem (Godefroy, 2015)

Assume M is a compact metric space and lipy(M)* = F(M). Then
SNA(M, Y) = NA(F(M), Y) forall Y. Moreover, if Y is finite-dimensional, then
SNA(M, Y) = Lipy(M, Y).
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A quick survey on extremal notions

Let X be a Banach space and x € Sx. We say that x is:
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A quick survey on extremal notions

Definition
Let X be a Banach space and x € Sx. We say that x is:
@ extreme point if x = L5 for y, z € By then necessarily y = z = x.
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A quick survey on extremal notions

Let X be a Banach space and x € Sx. We say that x is:

@ extreme point if x = L5 for y, z € By then necessarily y = z = x.
@ preserved extreme point if x is still an extreme point in X**.
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A quick survey on extremal notions

Let X be a Banach space and x € Sx. We say that x is:
@ extreme point if x = % for y,z € Bx then necessarily y = z = x.
@ preserved extreme point if x is still an extreme point in X**.

@ denting point if for every e > 0 there exists a slice
S = S(Bx,f,a) :={y € Bx: f(y) > 1 — a} such that x € S and that
diam (S) < e.
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A quick survey on extremal notions

Let X be a Banach space and x € Sx. We say that x is:
@ extreme point if x = % for y,z € Bx then necessarily y = z = x.
@ preserved extreme point if x is still an extreme point in X**.

@ denting point if for every e > 0 there exists a slice
S = S(Bx,f,a) :={y € Bx: f(y) > 1 — a} such that x € S and that
diam (S) < e.
@ strongly exposed point if there exists a functional f € Sx- such that
f(x)=1and infodiam (S(Bx, f,a)) = 0.
a>
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A quick survey on extremal notions

Let X be a Banach space and x € Sx. We say that x is:
@ extreme point if x = % for y,z € Bx then necessarily y = z = x.
@ preserved extreme point if x is still an extreme point in X**.

@ denting point if for every e > 0 there exists a slice
S = S(Bx,f,a) :={y € Bx: f(y) > 1 — a} such that x € S and that
diam (S) < e.
@ strongly exposed point if there exists a functional f € Sx- such that
f(x)=1and infodiam (S(Bx, f,a)) = 0.
a>

It is known that

strongly exposed =- denting = preserved extreme = extreme
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Positive results Il

SNA(M, Y) = Lipy(M, Y) regardless Y whenever:

@ F(M) has the RNP (L. Garcia-Lirola, C. Petitiean, A. Prochazka, A. R. Z.,
2018).
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Positive results Il

SNA(M, Y) = Lipy(M, Y) regardless Y whenever:

@ F(M) has the RNP (L. Garcia-Lirola, C. Petitiean, A. Prochazka, A. R. Z.,
2018).

@ The unit ball of 7(M) contains a norming uniformly strongly exposed set
(in particular if F(M) has property «) (B. Cascales, R. Chiclana, L.
Garcia-Lirola, M. Martin and A. R. Z., 2019).
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Positive results Il

SNA(M, Y) = Lipy(M, Y) regardless Y whenever:
@ F(M) has the RNP (L. Garcia-Lirola, C. Petitiean, A. Prochazka, A. R. Z.,
2018).

@ The unit ball of 7(M) contains a norming uniformly strongly exposed set
(in particular if F(M) has property «) (B. Cascales, R. Chiclana, L.
Garcia-Lirola, M. Martin and A. R. Z., 2019).

In all the above cases a Banach space property (involving an abundance of
strongly exposed points of the unit ball) of (M) implies the (Lipschitz)
property of density of the set of strongly norm-attaining Lipschitz maps.
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Questions

If SNA(M, Y) = Lipy(M, Y) for every Y:
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Questions

If SNA(M, Y) = Lipy(M, Y) for every Y:
@ Does F(M) have the RNP?
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Questions

If SNA(M, Y) = Lipy(M, Y) for every Y:
@ Does F(M) have the RNP?
@ is there any consequence on the structure of 7(M)?
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Questions

If SNA(M, Y) = Lipy(M, Y) for every Y:

@ Does F(M) have the RNP?

@ is there any consequence on the structure of 7(M)?
Concerning Question 1 we have the following result:

Theorem (R. Chiclana, L. Garcia-Lirola, M. Martin and A. R. Z.,

2019)
There exists a compact metric space M such that:
@ SNA(M,Y) = Lipy(M, Y) forevery Y.

Abraham Rueda Zoca (Universidad de Granada) Strong norm attainment and applications January 27th 2020 11/16



Questions

If SNA(M, Y) = Lipy(M, Y) for every Y:

@ Does F(M) have the RNP?

@ is there any consequence on the structure of 7(M)?
Concerning Question 1 we have the following result:

Theorem (R. Chiclana, L. Garcia-Lirola, M. Martin and A. R. Z.,

2019)
There exists a compact metric space M such that:
@ SNA(M, Y) = Lipy(M, Y) for every Y.
@ F(M) contains an isometric copy of L1([0, 1]) (in particular (M) fails the
RNP).
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Strongly exposed points |

Theorem (R. Chiclana-L. Garcia-Lirola,M. Martin, A. R. Z., 2019)

Assume that M is compact and than SNA(M, R) is dense in Lip,(M,R). Then
SNA(M,R) contains an open dense subset.
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Strongly exposed points |

Theorem (R. Chiclana-L. Garcia-Lirola,M. Martin, A. R. Z., 2019)

Assume that M is compact and than SNA(M, R) is dense in Lip,(M,R). Then
SNA(M,R) contains an open dense subset.

Proof. Let

. f(x) — f(y)
A= {f € Lipg(M,R): su < ||f||.for some e > 0
{ pO( ) d(X,y')3<5 d(X,y) H ”L }
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Strongly exposed points |

Theorem (R. Chiclana-L. Garcia-Lirola,M. Martin, A. R. Z., 2019)

Assume that M is compact and than SNA(M, R) is dense in Lip,(M,R). Then
SNA(M,R) contains an open dense subset.

Proof. Let

- f(x) — f(y)
A= {f € Lipg(M,R): su < ||f||.for some e > 0
{ pO( ) d(X,y')3<5 d(X,y) H ”L }

Clearly, Ais open. Let us see that SNA(M,R) C A.
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Strongly exposed points |

Theorem (R. Chiclana-L. Garcia-Lirola,M. Martin, A. R. Z., 2019)

Assume that M is compact and than SNA(M, R) is dense in Lip,(M,R). Then
SNA(M,R) contains an open dense subset.

Proof. Let

A= {f € Lipg(M,R) : sup 09 = ly)

< ||f||.for some e >0
d(x,y)<e d(x,y) Il )

Clearly, Ais open. Let us see that SNA(M,R) C A.

Take ¢ > 0 and f such that % = ||f||. = 1 for some x,y € M.
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Strongly exposed points |

Theorem (R. Chiclana-L. Garcia-Lirola,M. Martin, A. R. Z., 2019)

Assume that M is compact and than SNA(M, R) is dense in Lip,(M,R). Then
SNA(M,R) contains an open dense subset.

Proof. Let

- f(x) — f(y)
A= {f € Lipg(M,R): su < ||f||.for some e > 0
{ pO( ) d(X,y')3<5 d(X,y) H HL }

Clearly, Ais open. Let us see that SNA(M,R) C A.

Take ¢ > 0 and f such that T;O’) = ||f||. = 1 for some x, y € M.

By Aliaga-Pernecka, we may assume that *5=0) ¢ ext(Bru)).
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Strongly exposed points |

Theorem (R. Chiclana-L. Garcia-Lirola,M. Martin, A. R. Z., 2019)

Assume that M is compact and than SNA(M, R) is dense in Lip,(M,R). Then
SNA(M,R) contains an open dense subset.

Proof. Let

, f(x) — f(y)
A= {f € Lipg(M,R): sup ————== < ||f||.for some e > 0}
0 dixyy<e  d(X.¥)
Clearly, Ais open. Let us see that SNA(M,R) C A.
Take £ > 0 and f such that Tfy(y) = ||f]L = 1 for some x,y € M.
By Aliaga-Pernecka, we may assume that *5=0) ¢ ext(Bru)).
Now, by Aliaga-Guirao and Garcia-Lirola, Petitiean, Prochazka and R.Z.

ext(B}-(M)) = ext(B;(M)**) NF(M) = dent(B}-(M))
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Strongly exposed points |l

Therefore, there is g € Syip,(m) and 8 > 0 such that % >1—3and
diam {p € Brmy : 9(p) > 1 -} <e.

Abraham Rueda Zoca (Universidad de Granada) Strong norm attainment and applications January 27th 2020 13/16



Strongly exposed points |l

Therefore, there is g € Syip,(m) and 8 > 0 such that % >1—3and
diam {p € Brmy : 9(p) > 1 -} <e.
Take h=f + £g. Then ||f — h||. = . We claim that h € A.
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Strongly exposed points |l

Therefore, there is g € Siip,m) and 8 > 0 such that 95900 > 1 — 8 and
diam {p € Brmy : 9(p) > 1 -} <e.
Take h=f + £g. Then ||f — h||. = . We claim that h € A.
Note that
X) —
1> 149 —90)

a0x.y) >1+e(1-75).
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Strongly exposed points |l

Therefore, there is g € Syip,(m) and 8 > 0 such that % >1—3and
diam {p € Brmy : 9(p) > 1 -} <e.
Take h=f + £g. Then ||f — h||. = . We claim that h € A.

Note that () — oly)
gix)— gy
hllp > 1+ —220 > 1 (1 - B).
Ihi 0y) (1-5)
Assume that h(u) — h(v)
u)—nv
S s g1 -
d(U, V) + E( 6)
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Strongly exposed points |l

Therefore, there is g € Siip,m) and 8 > 0 such that 95900 > 1 — 8 and

(
diam {p € Brmy : 9(p) > 1 -} <e.
Take h=f + £g. Then ||f — h||. = . We claim that h € A.

Note that ) )
gx)—gly
hll; > 1 — L = > 1 1-5).
Ihlle =1+ 5 555 > 1+2(1 - )
Assume that h(u) — h(v)
u)— 14
“duv) >1+¢(1-0)
Then 1+e(1 - 8) < 1+ 24280,

Abraham Rueda Zoca (Universidad de Granada) Strong norm attainment and applications January 27th 2020 13/16



Strongly exposed points |l

Therefore, there is g € S,y and § > 0 such that 9%-9Y) ~ 1 _ 3 and

d(x.y)
diam {p € Brmy : 9(p) > 1 -} <e.
Take h=f + £g. Then ||f — h||. = . We claim that h € A.

Note that ) ay)
9g\x)— gy
Al >1+e222 "9V 44 .1 p).
Il > 14 eSS > 1 (1 - )
Assume that hu) — h(v)
u)—nv
V) >1+¢(1-7)
Then 1+e(1 - 8) < 1+ 24280,
So, g(%‘fa")) > 1 - B and thus || 2§75 — 202000 <
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Strongly exposed points |l

Therefore, there is g € Syip,(m) and 8 > 0 such that % >1—3and

diam {p € Brmy : 9(p) > 1 -} <e.
Take h=f + £g. Then ||f — h||. = . We claim that h € A.

Note that ) ay)
9g\x)— gy
Al >1+e222 "9V 44 .1 p).
Ihlle=1+e axy) +e(1-5)
Assume that hu) — h(v)
u)—nv
V) >1+¢(1-7)
Then 1+e(1 - 8) < 1+ 24280,
So, g(%‘fa")) > 1 - B and thus || 2§75 — 202000 <

A result of Garcia-Lirola thesis implies that d(u, v) 2 (1 —2¢)d(x,y), thatis, h
does not approximate its norm at arbitrarily close points.
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Strongly exposed points |l

. f(x) —f(y)
A={felLipp(M,R): sup ————= < |[|f||.forsomee >0
{ pO( ) d(X,y'))<e d(X,y) H ”L }
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Strongly exposed points |l

. f(x) —f(y)
A={felLipp(M,R): sup ————= < |[|f||.forsomee >0
{ pO( ) d(X,y'))<e d(X,y) H ”L }

By an adaptation of a result of Y. Ivakhno, V. Kadets and D. Werner (2007) we

get that every element f € A strongly attain its norm at a strongly exposed
point.
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Strongly exposed points |l

- f(x) —f(y)
A={felLipp(M,R): sup ————= < |[|f||.forsomee >0
{ pO( ) d(X,y'))<e d(X,y) H HL }

By an adaptation of a result of Y. Ivakhno, V. Kadets and D. Werner (2007) we
get that every element f € A strongly attain its norm at a strongly exposed
point. Hence:

If M is compact and SNA(M, R) is dense in Lipy(M, R), then

Brmy = co(strexp(Br(wm)))-
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Strongly exposed points |l

- f(x) —f(y)
A={felLipp(M,R): sup ————= < |[|f||.forsomee >0
{ pO( ) d(X,y§)<e d(X,y) H HL }

By an adaptation of a result of Y. Ivakhno, V. Kadets and D. Werner (2007) we
get that every element f € A strongly attain its norm at a strongly exposed
point. Hence:

If M is compact and SNA(M, R) is dense in Lipy(M, R), then

Brmy = co(strexp(Br(wm)))-

The converse is not true. Every element of the form g(;jy) is a strongly

exposed point in F(T) and, as we have seen, SNA(T,R) is not dense in
Lipo(T, R).
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