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@ Sequences will be written as x = (x(1), x(2), x(3), ...).
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If x € X and x* € X*, the dual action will be written as (x*, x).
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€ >0, x € Sx, x* € Sx=, ||(x*, x)|| >1— % then Jy™ € Sx=, y € Sx s.t.:

hy)=1 [IxX"=yli<e Ix—yl<e

Lindenstrauss, 1963
There exists X Banach space s.t. NA(X, X) is not dense in £(X).

The Bishop-Phelps-Bollobas property (Acosta-Aron-Garcia-Maestre, 2008)

A pair of Banach spaces (X, Y) is said to have the BPBp if for every ¢ € (0,1),
there exists 7)(g) > 0 such that if T € Sz(x,y) and x € Sx satisfy

[TCI > 1 —=n(e),
then there exist S € L(X, Y) with ||S|| =1 and xo € Sx such that

[SCo)ll =1, lxo—x][<e, and [T 5] <e.
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@ Those properties are, in a way, global. One can study their local counter-
parts, where 1 depends also on the chosen operator, not only the .

The BPBp for numerical radius (Guirao-Kozhushkina, 2013)

A Banach space X is said to have the BPBp-nu if for every ¢ € (0,1), there
exists 7(¢) > 0 such that if T € £(X) and (x, x™) € MN(X) satisfy

[(<*, TODI > 1 =n(e),
then there are S € £(X), (v, y*) € N(X) with v(S) = [{(¥*, S(¥))| =1 and

ly —xll <&, lly"=x"<e, T—-S$|<e
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Definition: the Aj. (X, Y) class

Ajj (X, Y) is the set of all norm attaining operators T € Sy (x,y) such that if
€ > 0, then there is n(e, T) > 0 such that whenever x € Sx satisfies || T(x)|| >
1 —n(e, T), there exists xo € Sx with

TGOl =TI=1 and |Ix —x|| <e.

Definition: the An,(X) class

Anu(X) is the set of all numerical radius attaining operators T € L£(X) with
v(T) = 1 such that if € > 0, then there is n(e, T) > 0 such that whenever
(x,x™) € MN(X) satisfies |(x*, T(x))| > 1 —n(e, T), there is (x0,x5) € MN(X)
with

[(x0, T(x))|=v(T)=1, |x—x|<e and |xg—x"||<e.
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Let X be a finite dimensional Banach space. Then

(i) A (X, Y)={T € L(X, Y) :||T|| = 1} for any Banach space Y,
(i) Anu(X) ={T € L(X) : v(T) =1},
(iii) Every norm attaining functional in Sc« belongs to A, (o, K).

'ﬁg What about the ¢, spaces?

Theorem
Let X be a Banach space.
(i) If X is uniformly convex, then Sx+ C Aj.; (X, K).
(ii) Thereis x* € NA(¢1, K) N S such that x* & A (41, K).

> = (1,32, 2 ) el =45
(iii) There is x* € NA(Loo, K) N Sy such that x™ & A (£, K).
»> Viewing oo as a real space, x* = (%, 2%, 2%, ) € {1 embedded in £7 .
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For each n € N, define T, : é,z, — 5,2, as follows (é,z,

(2, - 115)):
Ta(x, y) = ((1 - %) * y) + (nes).

Now, for X = £,(£3), set T : X — X as T((x(n),y(n))n) := (Ta(x(n), y(n))),
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Then we have that ||T|| = v»(T) = 1, and T € NA(X, X) N NRA(X)
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A negative example

For each n € N, define T, : €3 — (3 as follows (¢3 = (K2, || - [|»)):

Ta(x, y) = ((1 - %) * y) + (nes).

Now, for X = £,(£3), set T : X — X as T((x(n),y(n))n) := (Ta(x(n), y(n))),
Then we have that |T|| = v(T) = 1, and T € NA(X, X) N NRA(X), but
T & Aj (X, X) U Anu(X).
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Ta(x, y) = ((1 - %) * y) + (nes).

Now, for X = £,(£3), set T : X — X as T((x(n),y(n))n) := (Ta(x(n), y(n))),
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T & Aj (X, X) U Anu(X).

(i) For every X Banach space, every isometry on X belongs to Aj. (X, X).
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General operators

A negative example

For each n € N, define T, : €3 — (3 as follows (¢3 = (K2, || - [|»)):

Ta(x, y) = ((1 - %) * y) + (nes).

Now, for X = £,(£3), set T : X — X as T((x(n),y(n))n) := (Ta(x(n), y(n))),
Then we have that |T|| = v(T) = 1, and T € NA(X, X) N NRA(X), but
T & Aj (X, X) U Anu(X).

(i) For every X Banach space, every isometry on X belongs to Aj. (X, X).
® There is an isometry R : ¢ — {2 such that R ¢ An.(X).
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Results and examples
General operators

A negative example

For each n € N, define T, : €3 — (3 as follows (¢3 = (K2, || - [|»)):

Ta(x, y) = ((1 - %) * y) + (nes).

Now, for X = £,(£3), set T : X — X as T((x(n),y(n))n) := (Ta(x(n), y(n))),
Then we have that |T|| = v(T) = 1, and T € NA(X, X) N NRA(X), but
T & Aj (X, X) U Anu(X).

(i) For every X Banach space, every isometry on X belongs to Aj. (X, X).
® There is an isometry R : ¢ — {2 such that R ¢ An.(X).
> R(x(1), x(2), x(3), ..) = (0, x(1), x(2), x(3), -.".)
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Results and examples
General operators

A negative example

For each n € N, define T, : €3 — (3 as follows (¢3 = (K2, || - [|»)):

Ta(x, y) = ((1 - %) * y) + (nes).

Now, for X = £,(£3), set T : X — X as T((x(n),y(n))n) := (Ta(x(n), y(n))),
Then we have that |T|| = v(T) = 1, and T € NA(X, X) N NRA(X), but
T & Aj (X, X) U Anu(X).

(i) For every X Banach space, every isometry on X belongs to Aj. (X, X).
® There is an isometry R : ¢ — {2 such that R ¢ An.(X).
> R(x(1), x(2), x(3), ...) = (0, x(1), x(2), x(3), ....)
(ii) The identity operator is always on Aj.; (X, X) N An(X).
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Results and examples
General operators

A negative example

For each n € N, define T, : €3 — (3 as follows (¢3 = (K2, || - [|»)):
1

Ta(x, y) = ((1 = £> X, y) , ((x7 y) € Kf,) .
Now, for X = £,(£3), set T : X — X as T((x(n),y(n))n) := (Ta(x(n), y(n))),

Then we have that |T|| = v(T) = 1, and T € NA(X, X) N NRA(X), but
T & Aj (X, X) U Anu(X).

(i) For every X Banach space, every isometry on X belongs to Aj. (X, X).
® There is an isometry R : ¢ — {2 such that R ¢ An.(X).
> R(x(1), x(2), x(3), ..) = (0, x(1), x(2), x(3), -.".)
(ii) The identity operator is always on Aj.; (X, X) N An(X).
(iii) If X =coor X =4, 1 < p < o0, then Py € A (X, X) N Anu(X).

Oscar Roldan Blay (UV) Castellén, 27 de enero de 2020



Results and examples

What about compact operators?

Oscar Roldan Blay (UV) Castellén, 27 de enero de 2020



Results and examples

What about compact operators?

Oscar Roldan Blay (UV) Castellén, 27 de enero de 2020



Results and examples

What about compact operators?

Let X be a Banach space and Y a normed space.

Oscar Roldan Blay (UV) Castellén, 27 de enero de 2020



Results and examples

What about compact operators?

Let X be a Banach space and Y a normed space.
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Results and examples

What about compact operators?

Recall

Let X be a Banach space and Y a normed space.

@ X has the Kadec-Klee property if w and || - || topologies coincide on Sx.

@ Y has the Schur’s property if x, — x implies x, U X.

v
Theorem
v
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What about compact operators?

Recall

Let X be a Banach space and Y a normed space.

@ X has the Kadec-Klee property if w and || - || topologies coincide on Sx.

@ Y has the Schur’s property if x, — x implies x, U X.

v
Theorem

Let X be a reflexive space which satisfies the Kadec-Klee property. Then,
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Results and examples

What about compact operators?

Recall

Let X be a Banach space and Y a normed space.

@ X has the Kadec-Klee property if w and || - || topologies coincide on Sx.

@ Y has the Schur’s property if x, — x implies x, U X.

v
Theorem

Let X be a reflexive space which satisfies the Kadec-Klee property. Then,
(i) Sk(x,v) C Aj.(X, Y) for every Banach space Y.
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What about compact operators?

Recall

Let X be a Banach space and Y a normed space.

@ X has the Kadec-Klee property if w and || - || topologies coincide on Sx.

@ Y has the Schur’s property if x, — x implies x, U X.

4

Let X be a reflexive space which satisfies the Kadec-Klee property. Then,
(i) Sk(x,v) C Aj.(X, Y) for every Banach space Y.
(i) X Fréchet differentiable = {T € IX(X) : v(T) = || T|| = 1} C Anu(X).
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What about compact operators?

Recall

Let X be a Banach space and Y a normed space.

@ X has the Kadec-Klee property if w and || - || topologies coincide on Sx.

@ Y has the Schur’s property if x, — x implies x, U X.

4

Let X be a reflexive space which satisfies the Kadec-Klee property. Then,
(i) Sk(x,v) C Aj.(X, Y) for every Banach space Y.
(i) X Fréchet differentiable = {T € IX(X) : v(T) = || T|| = 1} C Anu(X).

Corollary
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Results and examples

What about compact operators?

Recall

Let X be a Banach space and Y a normed space.

@ X has the Kadec-Klee property if w and || - || topologies coincide on Sx.

@ Y has the Schur’s property if x, — x implies x, U X.

4

Let X be a reflexive space which satisfies the Kadec-Klee property. Then,
(i) Sk(x,v) C Aj.(X, Y) for every Banach space Y.
(i) X Fréchet differentiable = {T € IX(X) : v(T) = || T|| = 1} C Anu(X).

Corollary

Let X be a reflexive B.s. with the Kadec-Klee property and let H be a H.s.
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Results and examples

What about compact operators?

Recall

Let X be a Banach space and Y a normed space.

@ X has the Kadec-Klee property if w and || - || topologies coincide on Sx.

@ Y has the Schur’s property if x, — x implies x, U X.

4

Let X be a reflexive space which satisfies the Kadec-Klee property. Then,
(i) Sk(x,v) C Aj.(X, Y) for every Banach space Y.
(i) X Fréchet differentiable = {T € IX(X) : v(T) = || T|| = 1} C Anu(X).

Corollary

Let X be a reflexive B.s. with the Kadec-Klee property and let H be a H.s.
(i) If Y has the Schur property, then Aj. (X, Y) = S;(x,v).
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Results and examples

What about compact operators?

Recall

Let X be a Banach space and Y a normed space.

@ X has the Kadec-Klee property if w and || - || topologies coincide on Sx.

@ Y has the Schur’s property if x, — x implies x, U X.

4

Let X be a reflexive space which satisfies the Kadec-Klee property. Then,
(i) Sk(x,v) C Aj.(X, Y) for every Banach space Y.
(i) X Fréchet differentiable = {T € IX(X) : v(T) = || T|| = 1} C Anu(X).

Corollary

Let X be a reflexive B.s. with the Kadec-Klee property and let H be a H.s.
(i) If Y has the Schur property, then Aj. (X, Y) = S;(x,v).
(i) {T e K(H) : v(T) = ||T|| =1} C An(H) (S if dim(H) = 00).

=
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Results and examples
We can't drop some of those hypothesis

If X is reflexive with the Kadec-Klee property, then Si(x,v) C Aj. (X, Y).
If Y with the Schur property, then S;(x, vy = Aj. (X, Y).
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If Y with the Schur property, then S;(x, v) < A (X, Y).
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If Y with the Schur property, then S;(x, v) < A (X, Y).

Negative example

Oscar Roldan Blay (UV) Castellén, 27 de enero de 2020



Results and examples
We can't drop some of those hypothesis

?
If X is meffesdve with the Kadec-Klee property, then Si(x, vy C Ay (X, Y).
If Y with the Schur property, then S;(x, v) < A (X, Y).

Negative example

Define T : ¢1 — /1 as

Ted) — <§: (1 _ %) x(n)) e, (x€b).

n=1
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Results and examples
We can't drop some of those hypothesis

?
If X is meffesdve with the Kadec-Klee property, then Si(x, vy C Ay (X, Y).
If Y with the Schur property, then S;(x, v) < A (X, Y).

Negative example

Define T : ¢1 — /1 as

Ted) — <§: (1 _ %) x(n)) e, (x€b).

n=

Then T € SIC(ZLZI) but T ¢ AH‘H ((1, £1), because T ¢ NA((1,€1).
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Results and examples
We can't drop some of those hypothesis

?
If X is meffesdve with the Kadec-Klee property, then Si(x, vy C Ay (X, Y).
If Y with the Schur property, then S;(x, v) < A (X, Y).

Negative example

Define T : ¢1 — /1 as

Ted) — <§: (1 _ %) x(n)) e, (x€b).

n=

Then T € SIC(ZLZI) but T ¢ AH‘H ((1, £1), because T ¢ NA((1,€1).

If H is Hilbert, then {T € C(H) : v(T) = ||T|| = 1} C Anu(H).
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Results and examples
We can't drop some of those hypothesis

?
If X is meffesdve with the Kadec-Klee property, then Si(x, vy C Ay (X, Y).
If Y with the Schur property, then S;(x, v) < A (X, Y).

Negative example

Define T : ¢1 — /1 as

Ted) — <§: (1 _ %) x(n)) e, (x€b).

n=

Then T € SIC(ZLZI) but T ¢ AH‘H ((1, £1), because T ¢ NA((1,€1).

If H is Hilbert, then {T € X641 : (T) = | T|| = 1} ¢ Ani(H).
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Results and examples
We can't drop some of those hypothesis

?
If X is meffesdve with the Kadec-Klee property, then Si(x, vy C Ay (X, Y).
If Y with the Schur property, then S;(x, v) < A (X, Y).

Negative example

Define T : ¢1 — /1 as

Ted) — <§: (1 _ %) x(n)) e, (x€b).

n=

Then T € SIC(ZLZI) but T ¢ AH‘H ((1, £1), because T ¢ NA((1,€1).

If H is Hilbert, then {T € X641 : (T) = | T|| = 1} ¢ Ani(H).

Negative example

M. Acosta gave in 1990 an example of a non compact operator S on a separable
Hilbert space H with [|S|| = v(S) = 1 such that S ¢ An.(H), since S ¢ NRA(H).
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Results and examples

A negative example of operator in NA(X) N NRA(X).
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Results and examples

A negative example of operator in NA(X) N NRA(X).

If X is reflexive, Fréchet differentiable and has the Kadec-Klee property, then
{TeK(X):v(T)=|T| =1} C An(X).
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Results and examples

A negative example of operator in NA(X) N NRA(X).

If X is reftexive, Erécheteifferentiable and has the Kadec-Klee property, then
{TeKX): (T) =Tl =1} C Au(X).
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Results and examples

A negative example of operator in NA(X) N NRA(X).

If X is reftexive, Erécheteifferentiable and has the Kadec-Klee property, then
{TeKX): (T) =Tl =1} C Au(X).

A shocking example
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Results and examples

A negative example of operator in NA(X) N NRA(X).

If X is reftexive, Erécheteifferentiable and has the Kadec-Klee property, then
{TeKX): (T) =Tl =1} C Au(X).

A shocking example

Seeing ¢p as a real space, set T : cg — ¢p and T* : {1 — ¥; as follows:

oo

T(x) = (Z 2,x(1)> Ty =5 4

Oscar Roldan Blay (UV) Castellén, 27 de enero de 2020



Results and examples

A negative example of operator in NA(X) N NRA(X).

If X is reftexive, Erécheteifferentiable and has the Kadec-Klee property, then
{TeKX): (T) =Tl =1} C Au(X).

A shocking example

Seeing ¢p as a real space, set T : cg — ¢p and T* : {1 — ¥; as follows:

T(x) = (Z 2,x(1)> T =3 MW

Then, T ¢ Ay (41, ¢1) U Anu(41) (since T attains neither its norm nor its
numerical radius).
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Results and examples

A negative example of operator in NA(X) N NRA(X).

If X is reftexive, Erécheteifferentiable and has the Kadec-Klee property, then
{TeKX): (T) =Tl =1} C Au(X).

A shocking example

Seeing ¢p as a real space, set T : cg — ¢p and T* : {1 — ¥; as follows:

T(x) = (Z 2,x(1)> T =3 MW

Then, T ¢ Ay (41, ¢1) U Anu(41) (since T attains neither its norm nor its
numerical radius).

However T™ is a compact operator in Aj.(f1, £1) N NRA(41) which satisfies
Tl =v(T") =1

<
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Results and examples

A negative example of operator in NA(X) N NRA(X).

If X is reftexive, Erécheteifferentiable and has the Kadec-Klee property, then
{TeKX): (T) =Tl =1} C Au(X).

A shocking example

Seeing ¢p as a real space, set T : cg — ¢p and T* : {1 — ¥; as follows:

oo

T(x) = (Z 2,x(1)> Ty =5 4

Then, T ¢ Ay (41, ¢1) U Anu(41) (since T attains neither its norm nor its
numerical radius).

However T™ is a compact operator in Aj.(f1, £1) N NRA(41) which satisfies
Tl =v(T*) =1, but still T* ¢ Anu(41).

<
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Results and examples

A negative example of operator in NA(X) N NRA(X).

If X is reftexive, Erécheteifferentiable and has the Kadec-Klee property, then
{TeKX): (T) =Tl =1} C Au(X).

A shocking example

Seeing ¢p as a real space, set T : cg — ¢p and T* : {1 — ¥; as follows:

T(x) = (Z 2,x(1)> T =3 MW

Then, T ¢ Ay (41, ¢1) U Anu(41) (since T attains neither its norm nor its
numerical radius).

However T™ is a compact operator in Aj.(f1, £1) N NRA(41) which satisfies
Tl =v(T*) =1, but still T* ¢ Anu(41).

<

02 For a compact operator T € K(H) on a Hilbert space H, the condition
T =v(T)=1 implies T € An(H). Is the converse true?
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Results and examples

We can have 1 = v(T) < || T|| and still have T € A,,(H)
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Example (M. Acosta, 1990)

Oscar Roldan Blay (UV) Castellén, 27 de enero de 2020



Results and examples

We can have 1 = v(T) < || T|| and still have T € A,,(H)

Example (M. Acosta, 19

Let H be a separable infinite dimensional real Hilbert space.
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Results and examples

We can have 1 = v(T) < || T|| and still have T € A,,(H)

Example (M. Acosta, 19

Let H be a separable infinite dimensional real Hilbert space.
Let 0 < @ <1 and {an} be a sequence such that a1 > 1, 0 < ap < 1 for n > 2,

and o, — 0 as n — oo.
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Results and examples

We can have 1 = v(T) < || T|| and still have T € A,,(H)

Example (M. Acosta, 1990)
Let H be a separable infinite dimensional real Hilbert space.
Let 0 < @ <1 and {an} be a sequence such that a1 > 1, 0 < ap < 1 for n > 2,

and a, — 0 as n — oo.
Let {J1, ), J3} be a partition of N such that [Ji| = |L| = N, [J3] = £ < 0.
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Results and examples

We can have 1 = v(T) < || T|| and still have T € A,,(H)

Example (M. Acosta, 19

Let H be a separable infinite dimensional real Hilbert space.

Let 0 < @ <1 and {an} be a sequence such that a1 > 1, 0 < ap < 1 for n > 2,
and a, — 0 as n — oo.

Let {J1, ), J3} be a partition of N such that [Ji| = |L| = N, [J3] = £ < 0.
Write the subsets Ji, /o as i = {nk : k > 1}, /b = {mx : k > 1} where
m<m<...,m <m < ... and each ng corresponds to my via an one-to-
one correspondence between J; and J.
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Results and examples

We can have 1 = v(T) < || T|| and still have T € A,,(H)

Example (M. Acosta, 1990)

Let H be a separable infinite dimensional real Hilbert space.

Let 0 < @ <1 and {an} be a sequence such that a1 > 1, 0 < ap < 1 for n > 2,
and a, — 0 as n — oo.

Let {J1, ), J3} be a partition of N such that [Ji| = |L| = N, [J3] = £ < 0.
Write the subsets Ji, /o as i = {nk : k > 1}, /b = {mx : k > 1} where
m<m<...,m <m < ... and each ng corresponds to my via an one-to-
one correspondence between J; and J.

Define T : H — H by

T(en) = —akem, (k €N), T(em,) = aken, (k€N), T(en)=ae,(ne k).
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Results and examples

We can have 1 = v(T) < || T|| and still have T € A,,(H)

Example (M. Acosta, 1990)

Let H be a separable infinite dimensional real Hilbert space.

Let 0 < @ <1 and {an} be a sequence such that a1 > 1, 0 < ap < 1 for n > 2,
and a, — 0 as n — oo.

Let {J1, ), J3} be a partition of N such that [Ji| = |L| = N, [J3] = £ < 0.
Write the subsets Ji, /o as i = {nk : k > 1}, /b = {mx : k > 1} where
m<m<...,m <m < ... and each ng corresponds to my via an one-to-
one correspondence between J; and J.

Define T : H — H by
T(en) = —akem, (k €N), T(em,) = aken, (k€N), T(en)=ae,(ne k).

Then, for a =1, we get T € K(H) N An(H), even though 1 =v(T) < || T|.
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Results and examples

We can have 1 = v(T) < || T|| and still have T € A,,(H)

Example (M. Acosta, 1990)

Let H be a separable infinite dimensional real Hilbert space.

Let 0 < @ <1 and {an} be a sequence such that a1 > 1, 0 < ap < 1 for n > 2,
and a, — 0 as n — oo.

Let {J1, ), J3} be a partition of N such that [Ji| = |L| = N, [J3] = £ < 0.
Write the subsets Ji, /o as i = {nk : k > 1}, /b = {mx : k > 1} where
m<m<...,m <m < ... and each ng corresponds to my via an one-to-
one correspondence between J; and J.

Define T : H — H by
T(en) = —akem, (k €N), T(em,) = aken, (k€N), T(en)=ae,(ne k).

Then, for a =1, we get T € K(H) N An(H), even though 1 =v(T) < || T|.

> Note that T cannot belong to Ay (H, H), since || T|| > 1.
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A positive example in a bad (non reflexive) space
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Results and examples

Relation between T and T*

A positive example in a bad (non reflexive) space

In the real space ¢p define S : co — ¢ as

562 = (x(l), %x(z), %x(i&), » ) .
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Connecting the sets Ay and Ay, via direct sums

Let Z be a uniformly convex and uniformly smooth Banach space. Let W be an
arbitrary Banach space. If T € A (W, Z), then T € A (W @ Z).

Remarks

(i) The theorem is not true for general Banach Spaces.
oo
» T:¢1 — ¢ suchthat T(x):= L})ej.
=1
(ii) The theorem is not true for absolute norms of type co.

> [(p, @)la := max{|pl, (1/2)|ql}.

(iii) The converse of the theorem is not true.
> S € L(lrBocl2) suchthat S(x,y):=((x(1),0,0,...),(0,0,0,...)).

v
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