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Introduction
Results and examples

Notations and basic concepts

Standard notations of functional analysis. Unless stated otherwise,

Notations
X , Y Banach, H Hilbert. K = R or C. BX closed unit ball, SX unit sphere.
L(X , Y ) bounded and linear operators from X to Y . L(X) = L(X , X).
X∗ = L(X ,K) dual. x∗ ∈ X∗ functional. K(X , Y ) compact operators.
Usual sequence spaces: c0, `1, `p (1 < p <∞), `∞.
Sequences will be written as x = (x(1), x(2), x(3), . . .).
If x ∈ X and x∗ ∈ X∗, the dual action will be written as 〈x∗, x〉.

Basic concepts
T ∈ NA(X , Y ) if ∃x ∈ SX such that ‖T‖ = ‖T (x)‖.
Π(X) := {(x , x∗) ∈ SX × SX∗ : 〈x∗, x〉 = 1}.
If T ∈ L(X), ν(T ) := sup(x, x∗)∈Π(X) |〈x∗, T (x)〉|.
T ∈ NRA(X) if ∃(x , x∗) ∈ Π(X) such that |〈x∗, T (x)〉| = ν(T ).
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The Bishop-Phelps-Bollobás property

Lindenstrauss, 1963
There exists X Banach space s.t. NA(X , X) is not dense in L(X).

The Bishop-Phelps-Bollobás property (Acosta-Aron-García-Maestre, 2008)
A pair of Banach spaces (X ,Y ) is said to have the BPBp if for every ε ∈ (0, 1),
there exists η(ε) > 0 such that if T ∈ SL(X ,Y ) and x ∈ SX satisfy

‖T (x)‖ > 1− η(ε),

then there exist S ∈ L(X ,Y ) with ‖S‖ = 1 and x0 ∈ SX such that

‖S(x0)‖ = 1, ‖x0 − x‖ < ε, and ‖T − S‖ < ε.
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Variations of the BPBp

Several variations have been studied. Some examples:
BPBpp: BPBp but the point does not change, x0 = x .
BPBop: BPBp but the operator does not change, S = T .
Those properties are, in a way, global. One can study their local counter-
parts, where η depends also on the chosen operator, not only the ε.

The BPBp for numerical radius (Guirao-Kozhushkina, 2013)
A Banach space X is said to have the BPBp-nu if for every ε ∈ (0, 1), there
exists η(ε) > 0 such that if T ∈ L(X) and (x , x∗) ∈ Π(X) satisfy

|〈x∗, T (x)〉| > 1− η(ε),

then there are S ∈ L(X), (y , y∗) ∈ Π(X) with ν(S) = |〈y∗, S(y)〉| = 1 and

‖y − x‖ < ε, ‖y∗ − x∗‖ < ε, ‖T − S‖ < ε.
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The A sets

Definition: the A‖·‖(X , Y ) class

A‖·‖(X , Y ) is the set of all norm attaining operators T ∈ SL(X ,Y ) such that if
ε > 0, then there is η(ε,T ) > 0 such that whenever x ∈ SX satisfies ‖T (x)‖ >
1− η(ε,T ), there exists x0 ∈ SX with

‖T (x0)‖ = ‖T‖ = 1 and ‖x0 − x‖ < ε.

Definition: the Anu(X) class
Anu(X) is the set of all numerical radius attaining operators T ∈ L(X) with
ν(T ) = 1 such that if ε > 0, then there is η(ε,T ) > 0 such that whenever
(x , x∗) ∈ Π(X) satisfies |〈x∗,T (x)〉| > 1 − η(ε,T ), there is (x0, x∗0 ) ∈ Π(X)
with

|〈x∗0 ,T (x0)〉| = ν(T ) = 1, ‖x0 − x‖ < ε, and ‖x∗0 − x∗‖ < ε.
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Finite dimension and functionals on sequence spaces

Theorem
Let X be a finite dimensional Banach space. Then
(i) A‖·‖(X , Y ) = {T ∈ L(X , Y ) : ‖T‖ = 1} for any Banach space Y ,
(ii) Anu(X) = {T ∈ L(X) : ν(T ) = 1},
(iii) Every norm attaining functional in Sc∗0 belongs to A‖·‖(c0,K).

3 What about the `p spaces?

Theorem
Let X be a Banach space.
(i) If X is uniformly convex, then SX∗ ⊂ A‖·‖(X ,K).
(ii) There is x∗ ∈ NA(`1, K) ∩ S`∗1

such that x∗ 6∈ A‖·‖(`1,K).
I x∗ =

(
1, 1

2 , 2
3 , . . . , n−1

n , . . .
)
∈ `∞ = `∗1 .

(iii) There is x∗ ∈ NA(`∞, K) ∩ S`∗∞ such that x∗ 6∈ A‖·‖(`∞,K).
I Viewing `∞ as a real space, x∗ =

(
1
2 , 1

22 , 1
23 , . . .

)
∈ `1 embedded in `∗∞.
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Introduction
Results and examples

General operators

A negative example

For each n ∈ N, define Tn : `2
p → `2

p as follows (`2
p = (K2, ‖ · ‖p)):

Tn(x , y) :=
((

1− 1
2n

)
x , y

)
,
(

(x , y) ∈ `2
p
)
.

Now, for X = `p(`2
p), set T : X → X as T ((x(n), y(n))n) := (Tn(x(n), y(n)))n.

Then we have that ‖T‖ = ν(T ) = 1, and T ∈ NA(X , X) ∩ NRA(X), but
T /∈ A‖·‖(X , X) ∪ Anu(X).

Theorem
(i) For every X Banach space, every isometry on X belongs to A‖·‖(X , X).
• There is an isometry R : `2 → `2 such that R /∈ Anu(X).

I R (x(1), x(2), x(3), . . .) = (0, x(1), x(2), x(3), . . .)

(ii) The identity operator is always on A‖·‖(X , X) ∩ Anu(X).
(iii) If X = c0 or X = `p, 1 ≤ p <∞, then PN ∈ A‖·‖(X , X) ∩ Anu(X).
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(x , y) ∈ `2
p
)
.
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What about compact operators?

Recall
Let X be a Banach space and Y a normed space.

X has the Kadec-Klee property if w and ‖ · ‖ topologies coincide on SX .

Y has the Schur’s property if xn
w→ x implies xn

‖·‖→ x .

Theorem
Let X be a reflexive space which satisfies the Kadec-Klee property. Then,
(i) SK(X ,Y ) ⊂ A‖·‖(X , Y ) for every Banach space Y .
(ii) X Fréchet differentiable =⇒ {T ∈ K(X) : ν(T ) = ‖T‖ = 1} ⊂ Anu(X).

Corollary
Let X be a reflexive B.s. with the Kadec-Klee property and let H be a H.s.
(i) If Y has the Schur property, then A‖·‖(X , Y ) = SL(X ,Y ).
(ii) {T ∈ K(H) : ν(T ) = ‖T‖ = 1} ⊂ Anu(H) (( if dim(H) =∞).
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T (x) =
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n

)
x(n)
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e1, (x ∈ `1).

Then T ∈ SK(`1, `1) but T /∈ A‖·‖(`1, `1), because T /∈ NA(`1, `1).
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If H is Hilbert, then {T ∈ K(H) : ν(T ) = ‖T‖ = 1} ⊂ Anu(H).
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e1, (x ∈ `1).

Then T ∈ SK(`1, `1) but T /∈ A‖·‖(`1, `1), because T /∈ NA(`1, `1).

If H is Hilbert, then {T ∈ K(H) : ν(T ) = ‖T‖ = 1}
?
⊂ Anu(H).

Negative example
M. Acosta gave in 1990 an example of a non compact operator S on a separable
Hilbert space H with ‖S‖ = ν(S) = 1 such that S /∈ Anu(H), since S /∈ NRA(H).
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If X is reflexive, Fréchet differentiable and has the Kadec-Klee property, then
{T ∈ K(X) : ν(T ) = ‖T‖ = 1}

?
⊂ Anu(X).

A shocking example

Seeing c0 as a real space, set T : c0 → c0 and T ∗ : `1 → `1 as follows:

T (x) =

(
∞∑
j=1

1
2j x(j)

)
e1, T ∗(y) =

∞∑
j=1

y(1)
2j ej .

Then, T /∈ A‖·‖(`1, `1) ∪ Anu(`1) (since T attains neither its norm nor its
numerical radius).
However T ∗ is a compact operator in A‖·‖(`1, `1) ∩ NRA(`1) which satisfies
‖T ∗‖ = ν(T ∗) = 1, but still T ∗ /∈ Anu(`1).
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We can have 1 = ν(T ) < ‖T‖ and still have T ∈ Anu(H)

Example (M. Acosta, 1990)
Let H be a separable infinite dimensional real Hilbert space.
Let 0 < α ≤ 1 and {αn} be a sequence such that α1 > 1, 0 < αn < 1 for n ≥ 2,
and αn → 0 as n→∞.
Let {J1, J2, J3} be a partition of N such that |J1| = |J2| = ℵ0, |J3| = ` < ∞.
Write the subsets J1, J2 as J1 = {nk : k ≥ 1}, J2 = {mk : k ≥ 1} where
n1 ≤ n2 ≤ . . . , m1 ≤ m2 ≤ . . . and each nk corresponds to mk via an one-to-
one correspondence between J1 and J2.

Define T : H → H by

T (enk ) = −αkemk (k ∈ N), T (emk ) = αkenk (k ∈ N), T (en) = αen (n ∈ J3).

Then, for α = 1, we get T ∈ K(H) ∩ Anu(H), even though 1 = ν(T ) < ‖T‖.

I Note that T cannot belong to A‖·‖(H, H), since ‖T‖ > 1.
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Results and examples

Relation between T and T ∗

A positive example in a bad (non reflexive) space
In the real space c0 define S : c0 → c0 as

S(x) =
(

x(1), 12x(2), 122 x(3), . . .
)
.

Then we have S ∈ A‖·‖(c0, c0) ∩ Anu(c0), and S∗ ∈ A‖·‖(`1, `1) ∩ Anu(`1).

3 Is there any relation between an operator being in the A sets and its
adjoint being in the A sets?

Theorem
Let X ,Y be Banach spaces and T ∈ L(X ,Y ).
(i) If Y is uniformly smooth, if T ∈ A‖·‖(X , Y ), then T ∗ ∈ A‖·‖(Y ∗, X∗).
(ii) If X is uniformly convex, if T ∗ ∈ A‖·‖(Y ∗, X∗), then T ∈ A‖·‖(X , Y ).
(iii) Suppose that X is reflexive. Then, T ∈ Anu(X) if and only if T ∗ ∈ Anu(X∗).

3 Can we drop the hypothesis and still have the result?
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Some more definitions

A new operator
Let W and Z be Banach spaces.

If T ∈ L(W , Z), define T̃ ∈ L(W ⊕ Z) as T̃ := ι2 ◦ T ◦ P1, that is,

T̃ (w , z) := (0, T (w)) .

If S ∈ L(W ⊕ Z), define Ŝ ∈ L(W , Z) as Ŝ := P2 ◦ S ◦ ι1, that is,

Ŝ(w) = (P2 ◦ S)(w , 0).

Absolute norms

| · |a is an absolute norm in R2 if |(1, 0)|a = |(0, 1)|a = 1 and |(u, v)|a =
|(|u|, |v |)|a. W ⊕a Z is W × Z endowed with |(w , z)|a = |(|w |, |z|)|a.

| · |a of type 1 iff ∃K > 0 such that |u|+ K |v | ≤ |(u, v)|a ∀u, v .
| · |a of type ∞ iff ∃b0 > 0 such that |(1, b0)|a = 1.
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Ŝ(w) = (P2 ◦ S)(w , 0).

Absolute norms

| · |a is an absolute norm in R2 if |(1, 0)|a = |(0, 1)|a = 1 and |(u, v)|a =
|(|u|, |v |)|a. W ⊕a Z is W × Z endowed with |(w , z)|a = |(|w |, |z|)|a.

| · |a of type 1 iff ∃K > 0 such that |u|+ K |v | ≤ |(u, v)|a ∀u, v .
| · |a of type ∞ iff ∃b0 > 0 such that |(1, b0)|a = 1.

Óscar Roldán Blay (UV) Castellón, 27 de enero de 2020



Introduction
Results and examples

Some more definitions

A new operator
Let W and Z be Banach spaces.

If T ∈ L(W , Z), define T̃ ∈ L(W ⊕ Z) as T̃ := ι2 ◦ T ◦ P1, that is,

T̃ (w , z) := (0, T (w)) .
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Connecting the sets A‖·‖ and Anu via direct sums

Theorem
Let W ,Z be Banach spaces. In the case both W and Z are uniformly smooth,
if T ∈ A‖·‖(W , Z), then T̃ ∈ Anu(W ⊕1 Z).

Remarks
(i) The theorem is not true for general Banach Spaces.

I T : `1 → `1 such that T (x) :=
∞∑
j=1

x(1)
2j ej .

(ii) The theorem is not true for absolute norms of type 1.
I |(p, q)|a := |p|+ (1/2)|q|.

(iii) The converse of the theorem is not true.
I S ∈ L(`2 ⊕1 `2) such that S(x , y) := ((x(1), 0, 0, . . .) , (0, 0, 0, . . .)).
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