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Conjecture (The invariant subspace problem)

Let X be a complex Banach space of dimension > 1. If T: X — X
is a bounded linear operator, then X has a closed non-trivial
T-invariant subspace.
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Background

Conjecture (The invariant subspace problem)

Let X be a complex Banach space of dimension > 1. If T: X — X
is a bounded linear operator, then X has a closed non-trivial
T-invariant subspace.

Theorem (Enflo - 1987)

There exists a Banach space X and a bounded linear operator
T: X — X such that X does not have non-trivial T-invariant
subspaces.
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Estimates on norms of polynomials

Remark (The technique)

One of the many ideas that Enflo used was the “concentration of
low degree polynomials” by using a series of estimates on the
products of polynomials. For instance, if P and Q are polynomials
of degrees n; and ny, respectively, then there exists C(ny, ny) such
that

|PQ| = C(n, m)|PI|Q|

where | - | denotes the sum of the absolute values of the
coefficients of a polynomial and C(ny, n2) is independent on the
number of variables.
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Estimates on norms of polynomials

Definition (Concentration of a polynomial at low degrees)

In one variable, let g = Zj>oajzf be a polynomial with complex
coefficients and 0 < d < 1. We say that g has concentration d, at
degree at most k, if

Z‘aj‘ > dz |aj].-

j>0
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Estimates on norms of polynomials

Definition (Concentration of a polynomial at low degrees)

In one variable, let g = Zj>oajzf be a polynomial with complex
coefficients and 0 < d < 1. We say that g has concentration d, at
degree at most k, if

Z‘aj‘ > dz |aj].-

j>0

Extension of the definition of concentration of polynomials at low
degrees to other norms defined on the vector spaces of
homogeneous polynomials.
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Standard polynomial norms

Notation

Let g = ijo ajzj. We consider the following norms:
() lalls =250 3,

(i) llallsup = supjzj=1 a(2)],

(i) llall2 = (Syz012i7) %,
(i) llalles = 2 fiyy la(2)Id6.

Notice that ||q|l1 > ||qll2 > ||qllt, = ||ql|sup- Also let us denote for
neN,

n
qln = Z ajz.
Jj=0

Nl
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Lacunary norms

Definition (Lacunary sets)

(a) We say that a singleton containing a non-negative integer is a
0-lacunary subset of the integers.

(b) Inductively, given an integer k, we define a k-lacunary subset
of the integers as follows:
E is a k-lacunary subset of the integers if the intersection
between E and a translate of E is never bigger than a
(k — 1)-lacunary subset of E.

We denote the set of all k-lacunary subset of the integers by €.
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Lacunary norms

(i) The infinite set {2¥: k € N} is 1-lacunary and the infinite set
{2k: k € N} U {3k: k € N} is not 1-lacunary.

(i) Given positive integers n and k, then

2 ={a+in}i e\ U

for all integers a > 0.
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Lacunary norms

Definition (Lacunary norm)

Let g = Zj>0 ajz/, we define the k-lacunary norm as

||q||kflac = sup {”q‘E”l}
EcQy

Notice that ||gll1 > ||q||k—1ac for every k € N.
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Auxiliary result

Proposition (Beauzamy and Enflo - 1985)

Given n, C, K, there is @« = a(n, C, K) > 0 such that for all h and
q satisfying
[hllsup < KlIAll2
llgll2 < Cllglnll2,
we have
Ihqlle, = a(n, C, K) ||All2[lq]|2-
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Main result

Theorem (Aradjo, Enflo, Mufioz, Rodriguez and Seoane -

2019,/2020)

Given n,C,K,i, and Q > 1, thereisa f =3 (n,C,K,Q,i) >0
such that for all polynomials h and q satisfying

|| hlli—iac < Q|hol,
1Al < K| hlli-1ac;
lqll1 < Cliglall1,

where hy #£ 0 is the independent term of h, we have

1hqlli-tac = B (n, C, K, Q1) ||All1]lqll1-
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Main result

Do we have the following more general result?

Question

Given n, C,K,i,, there is a = (n, C,K,i) > 0 such that for all
polynomials h and q satisfying

[Allx < KllAlli-tac,
lallx < Cliglall1;

we have
1hqlli—1ac = B (n, C, K, i) [[hll1llqll1-
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Extension of polynomial norms to Banach spaces

Theorem (Borwein and Erdélyi - 1995)

Let m,n € N be such that m < n and let p € P5, and q € P},
then we have

n—m?’
1
Ipllllqll < §Cn,an,n—meqH,

where C, ; = 2k H (1 4 cos & 1)“) for 1 < k < n. Moreover,
the above inequality is sharp in the case where p vanishes at the m

roots of T, closest to -1 and q vanishes at the remaining roots of
T
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Extension of polynomial norms to Banach spaces

Theorem (Araljo, Enflo, Mufioz, Rodriguez and Seoane -
2019,/2020)

Let E be a Banach space over K (R or C). Let m,n € N be such
that m < n and let P € Pp,(E) and Q € Py_m(E). Then we have

1
IPINIQI < 5 Cnm Conn-mlI PRI,

where C,,  with 1 < k < n is as in the theorem above.
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THANK YOU!
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