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PART I: Setting and problems



Quantum Many Body Problems

I H complex Hilbert space (finite-dimensional)

Norm-one vectors |ψ〉 ∈ H are called states.

I H : H → H Hamiltonian (i.e. self-adjoint operator)

H =
m∑
j=0

λj Pj

where

I λ0 < λ1 < . . . < λm (eigenvalues)

I Pj projector onto eigenspace associated to λj

Aim
Study the ground states, i.e. norm-one eigenvectors associated to λ0.
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I Regular lattice, e.g. Zm.

I At each x ∈ Zm , let Hx := Cd .

I For every Λ ⊂ Zm finite, let

HΛ := ⊗x∈ΛHx ≡ Cd|Λ|

and a local Hamiltonian, e.g.
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HΛ : HΛ → HΛ , HΛ =
∑

x ,y ∈Λ
x∼y

hx ,y ⊗ 1rest

where hx,y acts on sites Hx ⊗Hy as a prefixed self-adjoint operator

h : Cd ⊗ Cd −→ Cd ⊗ Cd .
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HΛ =
∑

x,y ∈ Λ
x∼y

hx,y ⊗ 1rest

Def. (HΛ)Λ is gapped if infΛ λ1(HΛ)− λ0(HΛ) > 0

In general, this problem is undecidable!!!!:

I Two dimensions (or greater): Cubitt, Pérez-Garćıa, Wolff (Nature, 2015)

I One dimension: Bauch, Cubitt, Lucia, Pérez-Garćıa (2018).
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Example: AKLT model (1987)



Ground states of local gapped hamiltonians are “simpler” than generic states:

I Low entanglement. Area Law. Decay of Correlations.

I Approximation by Tensor Network States.

Let Λ = A ∪ B ⊂ Zm finite set

HΛ = HA ⊗HB

Let |ψ〉 be a state. It can be written as

|ψ〉 =
∑
j

|uj〉 ⊗ |vj〉.

We say that |ψ〉 is entangled if

|ψ〉 6= |ψA〉 ⊗ |ψB〉 for every |ψA〉, |ψB〉.
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Ground states of local gapped hamiltonians are “simpler” than generic states:

I Low entanglement. Area Law. Decay of Correlations.

I Approximation by Tensor Network States.

Every tensor network state can be seen as the ground state of a hamiltonian
called parent hamiltonian.

Q. When is this parent Hamiltonian gapped?
In 1D this is known to be a generic property. But what about 2D???



PART II: Locality estimates



At each site x ∈ Zm, Hx := Cd .

Let Λ ⊂ Zm finite set,

HΛ := ⊗x∈ΛHx ≡ Cd|Λ|

AΛ := B(HΛ) (linear operators)

If Λ ⊂ Λ′ ⊂ Zn, there is a canonical linear isometry

AΛ ↪→ AΛ′

O 7→ O ⊗ 1Λ′\Λ

This allows to consider the algebra of local observables

and the algebra of
quasi-local observables (its completion)

Aloc =
⋃

X finite

AX , A = Aloc
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HΛ := ⊗x∈ΛHx

AΛ := B(HΛ)

A :=
⋃

X finite

AX

Local Interactions:

X finite 7→ ΦX ∈ AX

Local Hamiltonian:

HΛ =
∑
X⊂Λ

ΦX

Q. Is there a way of defining the Hamiltonian on the whole system?

Using dynamics:

R 3 t 7→ Γt
Λ :A −→ A

A 7→ e itHΛAe−itHΛ

Maybe we can define

R 3 t 7→ Γt(A) = lim
Λ↗Zd

Γt
Λ(A) ????
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Lieb-Robinson estimates

Let Φ be interaction on Zm with

X finite 7→ ΦX ∈ AX s.t. ‖ΦX‖ = O(e−λ diam(X ))

and A ∈ AΛ0 .

Then, for every 0 ≤ ` ≤ L

∥∥Γt
ΛL

(A)− Γt
Λ`

(A)
∥∥ ≤ C |Λ0| ‖A‖ e−µ(`−v |t|)

Λ0

A

Lieb, Robinson (1972), Hastings (2004), Nachtergaele, Sims (2006), Hastings,
Koma (2006), Nachtergaele, Ogata, Sims (2010) . . .
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Problem

Let Φ interaction with exponential decay and let A ∈ AΛ0 and let

Γs(A) = e i sH A e−i sH , s ∈ C .

∥∥Γs
ΛL

(A)− Γs
Λ`

(A)
∥∥ ≤ ???

iβ

t



Theorem
Let Φ be (nonzero) interaction on Zm. Fixed A ∈ Aloc , the sequence

s 7→ Γs
Λ`

(A) (` ∈ N)

converges exponentially fast over compact subsets of the region:

Z Zm (m ≥ 2)

Finite Range

ΦX = 0 if
diam (X ) ≥ r

Exponential
Decay

‖ΦX‖ =

O(e−λ diam(X ))

1

cΦ
≥

Robinson 68, Ruelle 69
Bouch 2015

C
Araki 1969

λ

2cΦ

Optimal???
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