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A function f : V — R (where V is a vector space over R) is called
convex if, whenever x, y € V and 0 < A < 1, we have

fx+ (1= Ny) < AM(x)+ (1= Nf(y).




CComecunciors
A function f : V — R (where V is a vector space over R) is called
convex if, whenever x, y € V and 0 < A < 1, we have

FOx+ (1= N)y) < M(x)+ (1= Nf(y).

y
Let / C (0,00) be an interval. A function f : | — (0, 00) is called

multiplicative convex if, for every x,y € [ and A € [0, 1], we have

F(x' "2y < FO) ()N
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Aand p=1— X are related by

Adp=1
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Aand p=1— X are related by

Atpu=1~A-pu=1



Aand p=1— X are related by
Atpu=1~A-pu=1

every x,y > 0.

ey 1) < Fx)F(y) 1)
In particular, by setting 1 = 1, we obtain f(xy) < f(x)f(y) for
=] = = = = 9ae
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Let f : (0,00) — [0,00) be such that f(1) = 1. We will say that f
is multiplicative convex if, for every 4 > 0 and x,y > 0 we have




Let f be a multiplicative convex function. Then, f is either

monotone or it decreases until x = 1 and then increases.
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Let f be a multiplicative convex function. Then, f is either

monotone or it decreases until x = 1 and then increases.
Let f be a multiplicative convex function and g € Q™. Then,
f(x9) = f(x)?




N
Let f be a multiplicative convex function and g € Q. Then,
f(x) = f(x)7
For n € N, f(x") = f(x" - 1n) < f(x)"f(1)n = f(x)".
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N
Let f be a multiplicative convex function and g € Q. Then,
f(x9) = f(x)9
For n € N, f(x") = f(x" - 1n) < f(x)"f(1)n = f(x)".
On the other hand,

F(x) = F((x")7 - 1") < F(x")nf(1)" = F(x")n,

so that, f(x)" < f(x") < f(x)" and therefore f(x)" = f(x)".
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—ntrodvetion Chamcterig D1
Let f be a multiplicative convex function and g € Q. Then,
f(x9) = f(x)9
For n € N, f(x") = f(x" - 1n) < f(x)"f(1)n = f(x)".
On the other hand,

F(x) = F((x")7 - 1") < F(x")nf(1)" = F(x")n,

so that, f(x)" < f(x") < f(x)" and therefore f(x)" = f(x)".
Similarly, for m € N we obtain f(x%) = f(x)%,
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Lemma

Let f be a multiplicative convex function and g € Q. Then,
f(x9) = f(x)7

Proof

For ne€ N, f(x") = f(x" - 1n) < f(x)"f(1)
On the other hand,

3=

= f(x)".

1
n

F(x) = F((x")7 - 1") < F(x")nf(1)" = F(x")n,

so that, f(x)" < f(x") < f(x)" and therefore f(x)" = f(x)".
Similarly, for m € N we obtain f(x%) = f(x)%,
For the general case,

F(x9) = f(xm) = f(xm)" = f(x)m = f(x)7.
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Let f be a multiplicative convex function. Then, f is continuous.
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Let f be a multiplicative convex function. Then, f is continuous.

Let f be a multiplicative convex function. Then, f(x*) = f(x)* for
every t > 0.
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Characterization

Theorem

Let f: (0,00) = [0,00). Then, f is a multiplicative convex
function if and only if it can be written of the form

g jfo<x<1
o <1, 2
(x) {b’ log(x) jf x > 1, ¥

where a, b,a’ and b’ satisfy the following conditions:
Q@0<a<landd >1.

@ Ifb <1, then log,(b') < log,(a') < 0 (which, in particular,
implies b’ > 1).

© Ifb>1, then logy(b') > log,(a').
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The functions are defined as in Equation (2) by using the following
constants: ar = 0,27, br = 1,8, af = 2,35, by = 2,25, ag = 0,45,
bg = 3,45, a, = 2,62, b, = 0,75, ap = 0,18, b, = 0,45, a} = 1,86,
and b, =24
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If f verifies (1), then f(1) = f(1-1) < f(1)? ~ f(1) > 1.
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If f verifies (1), then f(1) = f(1-1) < f(1)? ~ f(1) > 1.

If C > 1 and f is multiplicative convex, then Cf verifies (1).



If f verifies (1), then f(1) = f(1-1) < f(1)? ~ f(1) > 1.

If C > 1 and f is multiplicative convex, then Cf verifies (1).

We wonder if a function that verifies (1) can be set as Cf with C a
constant bigger than 1 and f a multiplicative convex function.




That is,

If f verifies (1), then f(1) = f(1-1) < f(1)? ~ f(1) > 1.

If C > 1 and f is multiplicative convex, then Cf verifies (1).

verifies (1)?

If a function f satisfies (1) would we have that g(x) = f(x)/f(1)
o = = = = 9ae
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We wonder if a function that verifies (1) can be set as Cf with C a
constant bigger than 1 and f a multiplicative convex function.




does not.

The function f(x) = x + 1 verifies condition (1), but g(x) =




e e
f
The function f(x) = x + 1 verifies condition (1), but g(x) = %
does not.
Taking x =y = % and p = 10, we have that,
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inwoduction Characteriing f(1)=1
f
The function f(x) = x + 1 verifies condition (1), but g(x) = %
does not.
Taking x =y = % and p = 10, we have that,
on the one hand,

glxty!/my =

x“yl/“ +1 _ (%)104‘1/10
2

2

~ 0,50045,
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TN
The function f(x) = x + 1 verifies condition (1), but g(x) =
does not.

f(x)
2
Taking x =y = % and p = 10, we have that,
on the one hand,

g(x“yl/“) _ Xuyl/u +1

(1)104-1/10
_ \2
> =

2
and, on the other hand,

seran= ()" ()" <
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10+1/1
3\ 10+1/10
2 4

~ 0,50045,

~ 0,05471.
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