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Introduction

Precedents

= Weighted composition operator:

= Bourdon = McCluer

= Contreras = Mleczko

= Cowen = Montes—Rodriguez
: EEI:QSIIake = Rzeczkowski

= Hernandez-Diaz = Shapiro

= Kamowitz u Zhu

= Lindstrom E
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Introduction

Precedents

= Weighted composition operator:

= Bourdon = McCluer
= Contreras = Mleczko
© Cowen = Montes—Rodriguez
* Eklund = Rzeczkowski
= Gunatillake
= Hernandez-Diaz = Shapiro
= Kamowitz = Zhu
= Lindstrom m .
= Korenblum and Korenblum type spaces:
= Albanese = Korenblum
= Bonet = Ricker
= Hedenmalm ...
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Weighted Banach spaces

H(D) space of all analytic functions on D, endowed with the 7, topology.
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Introduction

Weighted Banach spaces

H(D) space of all analytic functions on D, endowed with the 7, topology.

Definition
For each o > 0,

s HY :={f € H(D): ||f||o := sup(1 — |2])*|f(z)| < oo},
zeD

w HY = {f € H(D): JJim (1= 12)*f(2)] = 0}.
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Introduction

Weighted Banach spaces

H(D) space of all analytic functions on D, endowed with the 7, topology.

Definition
For each o > 0,

» HY :={f € HD): ||f|la := igg(l —|z])*|f(2)| < o0},

» HY = {f € H(D): | |i311_(1 — |z])*|f(z)| = 0}.

Z|

If 0 < a1 < ap, the inclusion Hg;; — ng is compact.
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Introduction

Korenblum type spaces

n ALY = ﬂ Hg = ﬂ Hg = pioj Hoy s = p:(oj Hg+%.
B> B>a
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Introduction

Korenblum type spaces

n ALY = ﬂ Hg = ﬂ Hg = pioj Hoy s = p:(oj Hg+%.
B> B>a

WA= | HE = Hp=ind H , =ind HY_,.
B<a B<a
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Introduction

Korenblum type spaces

n ALY = ﬂ Hg = ﬂ Hg = ps(oj Hoy s = p:(oj Hg+%.
B> B>a

WA= | HE = Hp=ind H , =ind HY_,.
B<a B<a

= A= JHR = H2=inde;°=inde2.
keN keN
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Introduction

Weighted composition operator

Definition
Lety : D — Dand ¢ : D — C be analytic.

Wy o(f(2)) == ¥(2)f(e(2)), z€D.
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Introduction

Weighted composition operator

Definition
Lety : D — Dand ¢ : D — C be analytic.

Wy o(f(2)) == ¥(2)f(e(2)), z€D.

Wlp,‘p = M¢ o C<P'

E. Gomez-Orts 6



Properties of VVTI/ @

Contents

Properties of Wy, ,,
= Continuity
m Compactness
= Invertibility
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Properties of W,,,' © Continuity

Characterizations of continuity

From the characterization for H3® of Contreras and Hernédndez-Diaz (2000) ...

Proposition
Leta > 0. Wy, : AL* — A% is continuous if and only if Ve > 0
36 €]0, €] such that

o I 2D
b (- o))

If this is the case, then ¢ € A%,

Let0 < a < co. Wy, : A% — A”%is continuous if and only if Ve > 0
36 €]0, €] such that

< 00.

Y(2)|(1 — |z[)*~

|
sup < 00.
zep (1= |o(2)])>~*

If this is the case, then ¢ € A~%.

E. Gomez-Orts i iti on type spaces




Properties of VVTI/ 1

Conditions of continuity

Corollary
= Fora > 0,ifyp € AJ% then Wy, € L(AL®).
w Fora > 0,ifp € AZ°, then Wy, , € L(AZ%).
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Properties of WV’ ©

Conditions of continuity

Corollary
= Fora > 0,ifyp € AJ% then Wy, € L(AL®).
= Fora > 0,if € A7% then Wy, , € L(AZ®).

Example
Take ¢(z) = z/2,forall z € D. Foreach ¢ € A7*\ A;%, Wy, is continuous
on A;*. In the characterization take § = ¢, then

(1_ |z|)a+€ a+e a+e
i:gW’(ZNW < 2% i:BW’(Z)Kl— |2])** < co.
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Properties of WV’ ©

Conditions of continuity

Corollary
= Fora > 0,ifyp € AJ% then Wy, € L(AL®).
= Fora > 0,if € A7% then Wy, , € L(AZ®).

Example
Take ¢(z) = z/2,forall z € D. Foreach ¢ € A7*\ A;%, Wy, is continuous
on A;*. In the characterization take § = ¢, then

sup [$(2) 2T gate sy ()1 - J2)* < oo
zeD (1 - |Z|/2)a+€ zeD
Proposition

Wy,o € L(A™>)ifand only if ¢ € A7,
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Properties of WV’ ©

Characterizations of compactness

Proposition
© Leta > 0. Wy, : AT — A% is compact if and only if it is continuous
and Je > 0 such that V§ €]0, €]

oy DN = 12D
zeD (1 - |(p(z)|)a+€

< 0.

" Let0 < a < oo Wy, : AZ% — AZ%is compact if and only if it is
continuous and 3¢ < 0 such that Vé € [0, g]

|1IJ(Z)I(1 — |z~
b (1-|p(2))>

< 00.
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Properties of V\/w ©

Conditions of compactness

Corollary
= Leta>0.1fWy , : AL — AT is compact, then 3n > o such that
Wy, - H) — HY is compact.

© Let0 < a < oo. If Wy, : AZ% — AZ® is compact, then 3y < o such
that Wy, : H) — HY is compact.

E. Gomez-Orts n



Properties of W,,,' © Compactness

Conditions of compactness

Corollary
Leta > 0. If Wy, : AL — A% is compact, then 3n > a such that
Wy, - H) — HY is compact.
Let0 < a < o0. If Wy, : AZ* — AZ is compact, then 3y < a such
that Wy, : HY — HJ is compact.

Corollary

Assume 30 < r < 1,suchthat |p(z)] < rforallz € D. If Wy, : AL* —
A% a >0, (resp. Wy, : AZ* — AZ%, a > 0) is continuous, then Wy, , is
compact.
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Properties of WV’ ©

Characterizations of invertibility

From Bourdon (2014) ...

Proposition
m Fora >0, WK""’ is invertible on A_* if and only if ¢ € Aut(D) and
P, 1/ e AL
= Foroa > 0, Wy, is invertible on AZ% if and only if ¢ € Aut(D) and
¥, 1/9 € ATC.
= Wy, is invertible on A=*° if and only if ¢ € Aut(D) and 9, 1/¢ € A=*°.

E. Gomez-Orts 12



Properties of W,,,' © Invertibility

Characterizations of invertibility

From Bourdon (2014) ...

Proposition
Foro > 0, WKW, is invertible on A_* if and only if ¢ € Aut(D) and
P, 1/ e AT
For o > 0, Wy, ,, is invertible on AZ% if and only if ¢ € Aut(D) and
¥, 1/9 € ALC.
Wy, is invertible on A= if and only if ¢ € Aut(D) and 9, 1/¢ € A=*°.

Example
Consider 9(z) := log(z + 1) — 5,z € D.

Ppe AL A,
1/¢ € H*™,
Y & H®.
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Notation

= T : X — X continuous

2 p(M):={AeC:(T-X)1teL(X)}
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Notation

= T : X — X continuous
2 o(T)={\eC:(T-2)1teL(X)}
wo(T):=C\p(T)
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Notation

m T : X — X continuous
wp(TM):={eC:(T-X)1teL(X)}

= o(T):=C\p(T)

# 0p(T) :={X € C: Tx = Ax forsome x # 0}
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Notation

m T : X — X continuous
wp(TM):={eC:(T-X)1teL(X)}

= o(T):=C\p(T)

# 0p(T) :={X € C: Tx = Ax forsome x # 0}
= 9(0)=0,0<[¢'(0) <1
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Essential norm and radius

Definition
Let X be a Banach space, T € L(X). The essential norm of T is defined as

ITlle == d(T. K(X)).
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Essential norm and radius

Definition
Let X be a Banach space, T € £(X). The essential norm of T is defined as

ITlle == d(T. K(X)).

Theorem (Montes-Rodriguez)

The continuous weighted composition operators Wy, , : HY® — HZ and
Wy, : HS — HS, satisfy that their essential norm is given by

| (1~ el
W, e=1 1= le(2))>"
Woelle = 250 PN ot

E. Gomez-Orts



Essential norm and radius

Definition
Let X be a Banach space, T € L(X). The essential norm of T is defined as

ITlle == d(T, K(X)) -

Theorem (Montes-Rodriguez)

Wy, : HS — HS, satisfy that their essential norm is given by

| (1~ el
W, e=1 1= Jo(z)))>
Wrelle = 15 200 PN T = Tome

Essential spectral radius:

re(Wy i, HZ) = re(Wapp, Ho) = lim W3, [[/"

E. Gémez-Orts

on type spaces

The continuous weighted composition operators Wy, , : H® — HZ an

d



Point spectrum of C,,

From Kamowitz (1979) ...

Proposition
Suppose Wy, , : A — Alis continuous where A = AT% a > 0or A = AZ%,
0 < a < o0. Then,

{€'(0)"}720 \ B(0. re(Cy, HZ)) € 0p(Cyp, A) S {9'(0)"}52 -
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Spectrumon A7* and AZ*

From Kamowitz (1979) and Aron, Lindstrém (2004) ...

Theorem
Suppose Wy, : A — Alis continuous where A = AT% a > 0or A = A”%,
0 < a < 00. Then,

{0} U {9 (0)¢'(0)"}720 € o(Wyp, A) € B(0, L) U{%(0)¢'(0)"}72,.

where L = limg_,q re(Wy, o, HE®).
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Spectrumon A7* and AZ*

From Kamowitz (1979) and Aron, Lindstrom (2004) ...

Theorem
Suppose Wy, : A — Alis continuous where A = AT% a > 0or A = A”%,
0 < a < 00. Then,

{0} U {9 (0)¢'(0)"}720 € o(Wyp, A) € B(0, L) U{%(0)¢'(0)"}72,.

where L = limg_,q re(Wy, o, HE®).

Corollary
fA=A % a>00orA=A_%0 < a < oo, then

{0} U{e'(0)"}72 C 0(Cp. A) C B(O, re(Cyp, HE)) U {9'(0)"}520.

E. Gomez-Orts i iti on type spaces




Spectrum on A=

Theorem
7 0p(Cp, A7) = {¢'(0)"}02,
m 0(Cp, A7) = {0} U{¢'(0)"}7%, -
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Spectrum and point spectrum of M,

Proposition
If My is continuous on Ajr"‘, a > 0,or AZ% 0 < a < oo for some non-
constant function ¢ € H(D), then ,,(My) = 0 and 4(D) C o(My) C (D).
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Spectrum and point spectrum of M,

Proposition
If My is continuous on A% a > 0,or AZ*,0 < a < oo for some non-
constant function ¢ € H(D), then ,,(My) = 0 and 4(D) C o(My) C (D).

Example
Take ¥(z) := L, z € D. My is continuous on A=*. Observe = 9(—1) €
(D), but (M¢, A~%°) because M_, _ € A~* and is the inverse.

-3
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Spectrum and point spectrum when ¢ is a rotation

Lemma
Let p € H(D), p(z) = cz, z € D, with |c| = 1. Then

() 0p(Cp, HE?) = {c"}720,

(i) If cis aroot of unity, then o(Cy, HY) = 0,(Cp, HY) = {c"}22,,
(iii) If c is not a root of unity, then o(C,,, HY) = 0oD.
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Spectrum and point spectrum when ¢ is a rotation

Lemma
Let p € H(D), p(z) = cz, z € D, with |c| = 1. Then

() 0p(Cp, HY) = {c"}20.
(il) If cis aroot of unity, then o(Cy,, HY?) = 0,5(Cyp, HY) = {c"}520,
(i) If ¢ is not a root of unity, then o(C,,, H) = aD.

Theorem
Let p(z) = cz,z € D,with|c| = 1. If Ais A7%, o > 0or AZ%,0 < a < 00,
then
() 0p(Cp, A) = {c"} 20,
(i) if cis aroot of unity, 0(Cyp, A) = 0p(Cy, A) = {c"}2,,
(iii) if ¢ is not a root of unity, {c"}%, C o(C,, A) C 9D.

E. Gomez-Orts i iti on type spaces



Casec” #1VneN,in A~

Theorem
Letp(z) = cz,z € D, |c| = 1 and cis not aroot of unity. Take A # 1, |A| = 1.
Then, the following are equivalent:

=€ p(Cp, A7),
m Js > 1lande > 0suchthat |c" — A| > en—* foreach n € N.

E. Gomez-Orts 21



Specira of Cip wien i rtaton
Casec” #1VneN,in A~

Theorem
Letp(z) = cz,z € D, |c| = 1 and cis not aroot of unity. Take A # 1, |A| = 1.
Then, the following are equivalent:

X € p(Cyp, A=),

Js > 1lande > Osuchthat |c” — \| > en—° foreach n € N.

Theorem (Bonet)
Let p(z) = cz,z € D, |c| = 1 and c is not a root of unity. Take A € C with
|A] = 1. Then, the following are equivalent:

X € p(Cyp, Ho(D)),

foreach 0 < € < 13§(g) > 0suchthat|c” — A| > ()", Vn € N.

E. Gomez-Orts i iti on type spaces




Casec" #1Vne N, =1

Proposition
Let ¢(z) = cz,z € D, |c| = 1 and c is not a root of unity. Then, the following
are equivalent:

w 1€ p(Cp Ay,
m Js > 1lande > 0suchthat |c” — 1| > en—* foreachn € N,
m ¢ = e2™ where x is a Diophantine number.
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Casec”"#1Vne N A=1

Proposition
Let(z) = cz,z € D,
are equivalent:
1€ p(Co A7™),
Js > 1lande > Osuchthat |c” — 1| > en—* foreachn € N,

¢ = e'?™ where x is a Diophantine number.

¢| = 1 and c is not a root of unity. Then, the following

Definition
Areal number x € Ris called Diophantine if 3§ > 1 and d(x) > 0 such that
x_ Pl dX)
q| = qite
for all rational numbers p/q.
on type spaces

E. Gémez-Orts
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