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Introduction

Definition
Let X and Y be linear spaces. A map P : X → Y is said to be an
m-homogeneous polynomial if there exists an m-linear map
ϕ : Xm → Y such that

P(x) = ϕ (x , . . . , x) (x ∈ X ).

Example

Let X be a linear space that has an additional structure that allow
us to multiply its elements (algebra, function space, etc).
If X(m) is a linear space containing the set {xm : x ∈ X} and
Φ : X(m) → Y is a linear map, then we can define an
m-homogeneous polynomial P : X → Y as follows:

P(x) = Φ(xm) (x ∈ X ).
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Question
If P is a polynomial on X , then P(x) = Φ(xm) (x ∈ X ) for some
linear map Φ?

Answer: no.

Example

If P(x) = Φ(xm) (x ∈ X ), then P verifies that

x , y ∈ X , xy = yx = 0 =⇒ P(x + y) = P(x) + P(y).

Let P : M2 → C, P(A) = a11a22 (A = (aij) ∈M2).

A =

(
1 0
0 0

)
, B =

(
0 0
0 1

)
=⇒ P(A + B) 6= P(A) + P(B)
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Let X and Y be linear spaces.

I We say that x , y ∈ X are orthogonal if xy = yx = 0. In that
case, we write x ⊥ y .

I A map P : X → Y is said to be orthogonally additive on a
subset S ⊂ X if

x , y ∈ S, x ⊥ y =⇒ P(x + y) = P(x) + P(y).

I A map P : X → Y is said to be orthogonally additive if it is
orthogonally additive on X .

Question
If P is a polynomial on X , and P is orthogonally additive on a
certain subset S ⊂ X , then P(x) = Φ(xm) (x ∈ X ) for some linear
map Φ?
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Example

Let P : C 1[0, 1]→ C, P(f ) = f ′(0)2 (f ∈ C 1[0, 1]).
If fg = 0, then f ′(0)g ′(0) = 0, so P is orthogonally additive:

P(f + g) = f ′(0)2 + g ′(0)2 + 2f ′(0)g ′(0) = P(f ) + P(g).

If P(f ) = Φ(f 2) (f ∈ C 1[0, 1]), then

P(f ) = f ′(0)2 = (f + 1)′(0)2 = P(f + 1) = Φ(f 2 + 2f + 1)

= P(f ) + 2Φ(f ) + P(1) =⇒ Φ(f ) = 0 (f ∈ C 1[0, 1]).

Orthogonal additivity is not enough for polynomials on C 1[0, 1].
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History of the problem

Theorem (Sundaresan (1991))

Let 1 ≤ p <∞ and let P : Lp[0, 1]→ R be an orthogonally additive
continuous m-homogeneous polynomial. Then there exists a unique
continuous linear map Φ : Lp/m[0, 1]→ R such that

P(f ) = Φ(f m) (f ∈ Lp[0, 1]).

Theorem (Sundaresan (1991))

Let 1 ≤ p <∞ and let P : `p → R be an orthogonally additive
continuous m-homogeneous polynomial. Then there exists a unique
continuous linear map Φ : `p/m → R such that

P((xn)n) = Φ((xmn )n) ((xn)n ∈ `p).
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Theorem (Pérez Garćıa, Villanueva (2005), Carando, Lasalle,
Zalduendo (2006))

Let K be a compact topological space and Y be a Banach space.
Let P : C (K )→ Y be an orthogonally additive continuous
m-homogeneous polynomial. Then there exists a continuous linear
map Φ : C (K )→ Y such that

P(f ) = Φ(f m) (f ∈ C (K )).

Theorem (Palazuelos, Peralta, Villanueva (2008))

Let A be a C ∗-algebra and X be a Banach space. Let P : A→ X
be a continuous m-homogeneous polynomial. Then, the following
are equivalent:

1. P is orthogonally additive;

2. P is orthogonally additive on Asa;

3. there exists a continuous linear map Φ : A→ X such that
P(x) = Φ(xm) (x ∈ A).
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Theorem (Villena (2017))

Let X be a Banach space and n ∈ N. Let P : Cn([0, 1])→ X be a
continuous m-homogeneous polynomial. If P is orthogonally
additive, then for each (n1, . . . , nm) ∈ Zm with
0 ≤ n1 ≤ · · · ≤ nm ≤ n there exists a continuous linear map
T(n1,...,nm) : Cn−nm([0, 1])→ X such that

P(f ) =
∑

0≤n1≤···≤nm≤n
T(n1,...,nm)

(
f (n1) · · · f (nm)

)
for each f ∈ Cn([0, 1]).
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Notation
Let X be a Banach space.

I F(X ) = finite-rank operators on X .

I A(X ) = F(X ), approximable operators on X .

Theorem (Alaminos, Godoy, Villena (2019))

Let X and Y be Banach spaces and suppose that X ∗ has the BAP.
Let P : A(X )→ Y be a continuous m-homogeneous polynomial.
Then, the following are equivalent:

1. P is orthogonally additive;

2. P is orthogonally additive on F(X );

3. there exists a continuous linear map Φ : A(X )→ Y such that
P(T ) = Φ(Tm) (T ∈ A(X )).
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Non-commutative Lp-spaces

Definition
Let M be a von Neumann algebra. A trace on M is a map
τ :M+ → [0,∞] satisfying:

I τ(x + y) = τ(x) + τ(y) for all x , y ∈M+.

I τ(λx) = λτ(x) for all x ∈M+ and λ ≥ 0.

I τ(xx∗) = τ(x∗x) for all x ∈M.

1. τ is normal is supα τ(xα) = τ(supα xα) for any bounded
increasing net (xα) in M+.

2. τ is semifinite if for any non-zero x ∈M+ there is a non-zero
y ∈M+ such that y ≤ x and τ(y) <∞.

3. τ is faithful if τ(x) = 0 implies x = 0.

M is said to be semifinite if it admits a normal semifinite faithful
trace.
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I Let M be a semifinite von Neumann algebra with normal
semifinite faithful trace τ .

I Let S+(M, τ) = {x ∈M+ : τ(supp(x)) <∞} and
S(M, τ) = linS+(M, τ).

I If 0 < p <∞ we define

‖x‖p =
(
τ(|x |p)

)1/p
, (x ∈ S).

‖·‖p is a norm if p ≥ 1 and it is a p-norm if p < 1.

I Lp(M, τ) is the completion of (S(M, τ), ‖·‖p).

I We set L∞(M, τ) = (M, ‖·‖) and L0(M, τ) = measurable
closed densely defined operators affiliated to M.

I Lp(M, τ) = {x ∈ L0(M, τ) :
(
τ(|x |p)

)1/p
<∞}.
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Properties

I Lp(M, τ) is a Banach space if 1 ≤ p ≤ ∞.

I Lp(M, τ) is a quasi-Banach space if 0 < p < 1.

I Hölder’s inequality: if 0 < p, q, r ≤ ∞ are such that
1
p + 1

q = 1
r , then

x ∈ Lp(M, τ), y ∈ Lq(M, τ) =⇒ xy ∈ Lr (M, τ)

and ‖xy‖r ≤ ‖x‖p ‖y‖q.

Definition
We say that x , y ∈ L0(M, τ) are mutually orthogonal if
xy∗ = y∗x = 0. We write x ⊥ y .
Let X be a linear space. A map P : Lp(M, τ)→ X is said to be
orthogonally additive on a subset S of Lp(M, τ) if

x , y ∈ S, x ⊥ y =⇒ P(x + y) = P(x) + P(y).
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Example

Let H be a Hilbert space and let Tr be the usual trace on the von
Neumann algebra B(H). Then Lp(B(H),Tr) is the Schatten class
Sp(H).
Properties:

I F(H) ⊂ Sp(H) ⊂ K(H).

I If 0 < p < q, we have Sp(H) ⊂ Sq(H) and
‖x‖ ≤ ‖x‖q ≤ ‖x‖p (x ∈ Sp(H)).

I S(B(H),Tr) = F(H).
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Main result

Theorem
Let M be a von Neumann algebra with a normal semifinite faithful
trace τ , let X be a topological linear space, and let
P : Lp(M, τ)→ X be a continuous m-homogeneous polynomial
with 0 < p <∞. Then the following conditions are equivalent:

1. there exists a continuous linear map Φ: Lp/m(M, τ)→ X such
that P(x) = Φ(xm) (x ∈ Lp(M, τ));

2. P is orthogonally additive on Lp(M, τ)sa;

3. P is orthogonally additive on S(M, τ)+.

If the conditions are satisfied, then the map Φ is unique.
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Proposition

Let H be a Hilbert space with dimH ≥ 2, let X be a topological
linear space, and let P : Sp(H)→ X be a continuous
m-homogeneous polynomial. Suppose that P is orthogonally
additive on Sp(H). Then P = 0.

Proof (sketch):

I P |F(H)sa= 0 =⇒ P |F(H)= 0 =⇒ P = 0.

I For each ξ, η ∈ H, let ξ ⊗ η ∈ F(H) defined by(
ξ ⊗ η

)
(ψ) = 〈ψ|η〉ξ (ψ ∈ H).

I If x ∈ F(H)sa, then x =
∑k

j=1 αjξj ⊗ ξj , where k ≥ 2,
α1, . . . , αk ∈ R, and {ξ1, . . . , ξk} ⊂ H is orthonormal.

I If M = alg {ξi ⊗ ξj : i , j ∈ {1, . . . , k}} ⊂ F(H), then M is
∗-isomorphic to the von Neumann algebra B(K ), where
K = lin{ξ1, . . . , ξk}.

I P |M= 0 =⇒ P(x) = 0.
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Lemma
Let M be a von Neumann algebra, let X be a topological linear
space, and let P : M→ X be a continuous m-homogeneous
polynomial. Then the following conditions are equivalent:

1. there exists a continuous linear map Φ: M→ X such that
P(x) = Φ(xm) (x ∈M);

2. P is orthogonally additive on Msa;

3. P is orthogonally additive on M+.

If the conditions are satisfied, then the map Φ is unique.
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Proof (sketch):

I Let ϕ :Mm → X be the symmetric m-linear map associated
with P and define Φ :M→ X by

Φ(x) = ϕ(x , 1, . . . , 1) (x ∈M).

I Let Q :M→ X be defined by Q(x) = Φ(xm) (x ∈M).

I If P |Msa= Q |Msa , then P = Q.

I Let {e1, . . . , ek} ∈ M be mutually orthogonal projections, let
{ρ1, . . . , ρk} ⊂ R and let x =

∑k
j=1 ρjej .

I P(x) =
∑k

j=1 ρ
m
j ϕ (ej , . . . , ej) = Q(x).

I If x ∈Msa there exists (xn) ⊂Msa such that lim xn = x and
xn has finite spectrum.

I P(x) = limP(xn) = limQ(xn) = Q(x).
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Proof of the theorem (sketch):

I Let e ∈ Proj(M) with τ(e) <∞ and let Me = eMe.

I Me ⊂ S(M, τ).

I P |Me is continuous.

I There exists a unique continuous linear map Φe :Me → X
such that P(x) = Φe(xm) (x ∈Me).

I For each x ∈ S(M, τ), define Φ(x) = Φe(x), where
e ∈ Proj(M) is such that τ(e) <∞ and x ∈Me .

I Φ is linear.

I Φ is continuous with respect to the norm ‖·‖p/m.

I Φ extends to a continuous linear map from Lp/m(M, τ) to the
completion of X .

I Φ(Lp/m(M, τ)) ⊂ X .
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Proposition

Let M be a von Neumann algebra with a normal semifinite faithful
trace τ and with no minimal projections, let X be a Banach space,
and let Φ: Lp(M, τ)→ X be a continuous linear map with
0 < p < 1. Then Φ = 0.

Proof (sketch):

I For each projection e ∈M with τ(e) <∞ and each
0 ≤ ρ ≤ τ(e), there exists a projection e0 ∈M such that
e0 ≤ e and τ(e0) = ρ.

I Let e0 ∈ Proj(M) with τ(e0) <∞.

I There is a decreasing sequence of projections (en) such that
τ(en) = 2−nτ(e0) and ‖Φ(e0)‖ ≤ 2n‖Φ(en)‖ (n ∈ N).

I
∥∥2nen

∥∥
p
→ 0 =⇒ 2nΦ(en)→ 0 =⇒ Φ(e0) = 0.

I Take x ∈ S(M, τ)+, and let e = supp(x). There exists
(xn) ⊂Me such that lim xn = x and Φ(xn) = 0.
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Proposition

Let M be a von Neumann algebra with a normal semifinite faithful
trace τ and with no minimal projections, let X be a Banach space,
and let P : Lp(M, τ)→ X be a continuous m-homogeneous
polynomial with 0 < p/m < 1. Suppose that P is orthogonally
additive on S(M, τ)+. Then P = 0.

Example

Suppose that 0 < p/m < 1. Let Φ : Lp/m(M, τ)→ Lp/m(M, τ),
Φ(x) = x , (x ∈ Lp/m(M, τ)).
The polynomial P : Lp(M, τ)→ Lp/m(M, τ),

P(x) = Φ(xm) = xm (x ∈ Lp(M, τ))

is orthogonally additive on S(M, τ)+.
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Corollary

Let M be a von Neumann algebra with a normal semifinite faithful
trace τ , and let P : Lp(M, τ)→ C be a continuous
m-homogeneous polynomial with m ≤ p <∞. Then the following
conditions are equivalent:

1. there exists ζ ∈ Lr (M, τ) such that P(x) = τ(ζxm)
(x ∈ Lp(M, τ)), where r = p/(p −m) (with the convention
that p/0 =∞);

2. P is orthogonally additive on Lp(M, τ)sa;

3. P is orthogonally additive on S(M, τ)+.

If the conditions are satisfied, then ζ is unique and
‖P‖ ≤ ‖ζ‖r ≤ 2‖P‖; moreover, if P is hermitian, then ζ is
self-adjoint and ‖ζ‖r = ‖P‖.
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