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Introduction

Definition

Let X and Y be linear spaces. A map P: X — Y is said to be an
m-homogeneous polynomial if there exists an m-linear map

@ : X™ =Y such that

P(x)=¢(x,...,x) (x€X).

Example

Let X be a linear space that has an additional structure that allow
us to multiply its elements (algebra, function space, etc).

If X(m) is a linear space containing the set {x”: x € X} and

® : X(m) — Y is a linear map, then we can define an
m-homogeneous polynomial P : X — Y as follows:

P(x) = ®(x™) (x € X).
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Question
If P is a polynomial on X, then P(x) = ®(x™) (x € X) for some
linear map $7?
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Question
If P is a polynomial on X, then P(x) = ®(x™) (x € X) for some
linear map $7?

Answer: no.

Example
If P(x) = ®(x™) (x € X), then P verifies that

x,y€X, xy=yx=0 = P(x+y)=P(x)+ P(y).

Let P: M, — C, P(A) = a11a22 (A = (aU) € M2).

A:(é 8) B:<8 g) — P(A+ B) # P(A) + P(B)
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Let X and Y be linear spaces.

> We say that x,y € X are orthogonal if xy = yx = 0. In that
case, we write x L y.

» A map P: X — Y is said to be orthogonally additive on a
subset § C X if

x,y€S8, x Ly = P(x+y)=P(x)+P(y)

» A map P: X — Y is said to be orthogonally additive if it is
orthogonally additive on X.

Question

If Pis a polynomial on X, and P is orthogonally additive on a
certain subset S C X, then P(x) = ®(x™) (x € X) for some linear
map ¢7
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Example
Let P: C1[0,1] — C, P(f)
If fg =0, then '(0)g’(0) =

= f'(0)? (f € C*[0,1]).
0, so P is orthogonally additive:

P(f +g) = '(0)> + g'(0)? + 2f'(0)g'(0) = P(f) + P(g).
If P(f) = ®(f2) (f € C1[0,1]), then

P(f) = f'(0)> = (f +1)'(0)> = P(f +1) = &(F2 +2f + 1)
= P(f) +20(f) + P(1) = &(f) =0 (f € C'[0,1]).

Orthogonal additivity is not enough for polynomials on C'[0, 1].
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History of the problem

Theorem (Sundaresan (1991))

Let1 < p < oo and let P: LP[0,1] — R be an orthogonally additive
continuous m-homogeneous polynomial. Then there exists a unique
continuous linear map ® : LP/™[0,1] — R such that

P(f)=®(f™) (f € LP[0,1]).

Theorem (Sundaresan (1991))

Let 1 < p < oo andlet P:¢P — R be an orthogonally additive
continuous m-homogeneous polynomial. Then there exists a unique
continuous linear map ® : (P/™ — R such that

P((xa)n) = ®((x3")n)  ((xa)n € £7).
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Theorem (Pérez Garcia, Villanueva (2005), Carando, Lasalle,
Zalduendo (2006))

Let K be a compact topological space and Y be a Banach space.
Let P: C(K) — Y be an orthogonally additive continuous
m-homogeneous polynomial. Then there exists a continuous linear
map ® : C(K) — Y such that

P(f)=®(f™M) (f € C(K)).

Theorem (Palazuelos, Peralta, Villanueva (2008))

Let A be a C*-algebra and X be a Banach space. Let P: A — X

be a continuous m-homogeneous polynomial. Then, the following
are equivalent:

1. P is orthogonally additive;

2. P is orthogonally additive on As,;

3. there exists a continuous linear map ® : A — X such that
P(x) = ®(x™) (x € A).
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Theorem (Villena (2017))

Let X be a Banach space and n € N. Let P: C"([0,1]) — X be a
continuous m-homogeneous polynomial. If P is orthogonally
additive, then for each (ny,...,ny) € Z™ with

0<nm <---<ny, < n there exists a continuous linear map
T, onm) - C""([0,1]) = X such that

PIO= D T (F £

0<m<<nm<n

for each f € C"([0,1]).
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Notation

Let X be a Banach space.
» F(X) = finite-rank operators on X.

> A(X) = F(X), approximable operators on X.

Theorem (Alaminos, Godoy, Villena (2019))

Let X and Y be Banach spaces and suppose that X* has the BAP.
Let P: A(X) — Y be a continuous m-homogeneous polynomial.
Then, the following are equivalent:

1. P is orthogonally additive;
2. P is orthogonally additive on F(X);

3. there exists a continuous linear map ¢ : A(X) — Y such that
P(T)=®(T™) (T € A(X)).
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Non-commutative LP-spaces

Definition
Let M be a von Neumann algebra. A trace on M is a map
T : M4 — [0, 0] satisfying:

» 7(x+y)="7(x)+7(y) for all x,y € M.

» 7(Ax) = A7(x) for all x € My and A > 0.

> 7(xx*) = 7(x*x) for all x € M.

1. 7 is normal is sup,, 7(xa) = T(sup, Xa) for any bounded

increasing net (x,) in M.

2. 7 is semifinite if for any non-zero x € M there is a non-zero
y € My such that y < x and 7(y) < 0.

3. 7 is faithful if T7(x) = 0 implies x = 0.

M is said to be semifinite if it admits a normal semifinite faithful
trace.
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> Let M be a semifinite von Neumann algebra with normal
semifinite faithful trace 7.

» Let S (M, 7) ={x € My : 7(supp(x)) < oo} and
S(M, 1) =linSy (M, ).
> If 0 < p < oo we define

1
Ixll, = (=(1<?) 7. (x € 9).
|||, is @ norm if p > 1 and it is a p-norm if p < 1.

> LP(M,7) is the completion of (S(M, ), [|],).

> We set L(M,7) = (M, ||]|) and L°(M,7) = measurable
closed densely defined operators affiliated to M.

> LP(M,7) = {x € LO(M,7): (r(]x"))"/P < o0}
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Properties
» LP(M,T) is a Banach space if 1 < p < 0.
» LP(M,T) is a quasi-Banach space if 0 < p < 1.
» Holder's inequality: if 0 < p, g, r < oo are such that
% + % = % then
x € LP(M,71), y e LI(M,7) = xy € L"(M,T)

and [xyl[, < [lxl[, llyll4-

Definition

We say that x,y € L%(M, 1) are mutually orthogonal if

xy* = y*x = 0. We write x | y.

Let X be a linear space. A map P : LP(M,7) — X is said to be
orthogonally additive on a subset S of LP(M,7) if

x,y€8, xLy = P(x+y)=P(x)+ P(y).
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Example
Let H be a Hilbert space and let Tr be the usual trace on the von
Neumann algebra B(H). Then LP(B(H), Tr) is the Schatten class
SP(H).
Properties:

» F(H) C SP(H) C K(H).

» If 0 < p < g, we have SP(H) C S9(H) and

IxIl < lixllq < [Ix]lp (x € SP(H)).
> S(B(H),Tr) = F(H).
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Main result

Theorem

Let M be a von Neumann algebra with a normal semifinite faithful
trace 7, let X be a topological linear space, and let

P: LP(M,T) — X be a continuous m-homogeneous polynomial
with 0 < p < co. Then the following conditions are equivalent:

1. there exists a continuous linear map ®: LP/™(M, 1) — X such
that P(x) = ®(x™) (x € LP(M, 1)),

2. P is orthogonally additive on LP(M,T)sa;

3. P is orthogonally additive on S(M, 7).

If the conditions are satisfied, then the map ® is unique.
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Proposition
Let H be a Hilbert space with dim H > 2, let X be a topological
linear space, and let P: SP(H) — X be a continuous

m-homogeneous polynomial. Suppose that P is orthogonally
additive on SP(H). Then P = 0.

Proof (sketch):

> P |.7:(H)sa:0 = P |]-'(H):0 = P =0.

» For each {,n € H, let £ ® n € F(H) defined by
(E®n) (W) = LI (v € H).

> If x € F(H)sa, then x = 35 0 ® &, where k > 2,
a1,...,ox € R, and {&1,...,&} C H is orthonormal.

> If M=alg{{®¢ i, je{l,...,k}} C F(H), then M is
«-isomorphic to the von Neumann algebra B(K), where
K = |in{§1, e 7€k}-

> Plm=0 = P(x)=0.
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Lemma
Let M be a von Neumann algebra, let X be a topological linear

space, and let P: M — X be a continuous m-homogeneous
polynomial. Then the following conditions are equivalent:

1. there exists a continuous linear map ®: M — X such that
P(x) = ®(x™) (x € M);
2. P is orthogonally additive on Mg,;
3. P is orthogonally additive on M .
If the conditions are satisfied, then the map ¢ is unique.
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Proof (sketch):

>

v

Let ¢ : M™ — X be the symmetric m-linear map associated
with P and define & : M — X by

d(x) = p(x,1,...,1) (x e M).

Let Q : M — X be defined by Q(x) = ®(x™) (x € M).

If P ‘Msa: Q ’Msa’ then P = Q.

Let {e1,..., e} € M be mutually orthogonal projections, let
{p1,...,pk} CR and let x = Zle pje€;.

P(x) = X5 e (e 6) = Q).

If x € M, there exists (x,) C M., such that lim x, = x and
Xp has finite spectrum.

P(x) = lim P(x,) = lim Q(xn) = Q(x).
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Proof of the theorem (sketch):

| 2

>
>
>

v

» & is continuous with respect to the norm |||

Let e € Proj(M) with 7(e) < oo and let M, = eMe.
Me C S(M, T).
P | m, is continuous.

There exists a unique continuous linear map ®, : M, — X
such that P(x) = ®.(x™) (x € M,).

For each x € S(M, 1), define ®(x) = ®(x), where
e € Proj(M) is such that 7(e) < 0o and x € M.

® is linear.

p/m

> & extends to a continuous linear map from LP/™(M, 1) to the

completion of X.
d(LP/™(M,T)) C X.
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Proposition

Let M be a von Neumann algebra with a normal semifinite faithful
trace 7 and with no minimal projections, let X be a Banach space,
and let &: LP(M,T) — X be a continuous linear map with
0<p<1. Thend =0.

Proof (sketch):

» For each projection e € M with 7(e) < oo and each
0 < p < 7(e), there exists a projection ey € M such that
eo < e and 7(ey) = p.

> Let gy € Proj(M) with 7(ep) < 0.

» There is a decreasing sequence of projections (e,) such that
7(en) =27"7(e0) and [[®(eo)|| < 2"[|®(es)]| (n € N).

> |27, = 0 = 2"®(e;) > 0 = P(e&) =0.

» Take x € S(M,7)4, and let e = supp(x). There exists
(xn) C M. such that lim x, = x and ®(x,) = 0.
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Proposition

Let M be a von Neumann algebra with a normal semifinite faithful
trace 7 and with no minimal projections, let X be a Banach space,
and let P: LP(M, 1) — X be a continuous m-homogeneous
polynomial with 0 < p/m < 1. Suppose that P is orthogonally
additive on S(M,7)4. Then P =0.

Example

Suppose that 0 < p/m < 1. Let & : LP/™(M, 1) — LP/™(M, 1),
d(x) = x, (x € LP/™(M,T)).

The polynomial P : LP(M,7) — LP/™(M,T),

P(x) = ®(x™) =x" (x € LP(M,T))

is orthogonally additive on S(M, 7)4.
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Corollary
Let M be a von Neumann algebra with a normal semifinite faithful
trace T, and let P: LP(M, 1) — C be a continuous
m-homogeneous polynomial with m < p < co. Then the following
conditions are equivalent:
1. there exists ( € L"(M,T) such that P(x) = 7({x™)
(x € LP(M, 1)), where r = p/(p — m) (with the convention
that p/0 = o0);
2. P is orthogonally additive on LP(M, T)sa;
3. P is orthogonally additive on S(M, 7).
If the conditions are satisfied, then { is unique and
1P|l < |ICIlr < 2||P||; moreover, if P is hermitian, then ¢ is
self-adjoint and ||C]|, = || P||.
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