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PrEVIOUS CONCEPTS

M-WEIERSTRASS’ THEOREM

Let (f,)n C C([O, 1]) be a sequence of functions. We define the
series of functions as

i fa(x), ¥x€][0,1].
n=1
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PrEVIOUS CONCEPTS

M-WEIERSTRASS’ THEOREM

Let (f,)n C C([O, 1]) be a sequence of functions. We define the
series of functions as

i fa(x), ¥x€][0,1].
n=1

If there exists (cn)n C R such that |f(x)| < ¢, for all x € [0, 1],

neNand ) ¢, < +oo, then the series is uniformly convergent
n=1

on [0, 1].
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PrEVIOUS CONCEPTS

COUNTEREXAMPLE

Consider the series Z fa(x) where f, € C([0, 1]) is given by

n=1

1 5 . 1 1

—sin (2”+17TX) if x € <n >
+1’ 92n

f(x) = n 2 2

0 otherwise.
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PrEVIOUS CONCEPTS

COUNTEREXAMPLE

Consider the series Z fa(x) where f, € C([0, 1]) is given by

n=1

1 5 1 . 1 1
L sin (2M7x) ifx e <2n+17 2,,>
fa(X) =

0 otherwise.

We have that
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PrEVIOUS CONCEPTS

COUNTEREXAMPLE

Consider the series Z fa(x) where f, € C([0, 1]) is given by

n=1

1 . 1 1

- sin2 (2" 7x) ifx € <2n+1, 2,,)
fa(x) =
0 otherwise.

We have that
e The series is absolutely convergent.
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COUNTEREXAMPLE

Consider the series Z fa(x) where f, € C([0, 1]) is given by

n=1
1 . 1 1
- sin2 (2" 7x) ifx € <2n+1, 2,,)
fa(x) =
0 otherwise.
We have that

e The series is absolutely convergent.
e The series is uniformly convergent on [0, 1].
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PrEVIOUS CONCEPTS

COUNTEREXAMPLE

Consider the series Z fa(x) where f, € C([0, 1]) is given by

n=1
1 . 1 1
- sin2 (2" 7x) ifx € <2n+1, 2,,)
fa(x) =
0 otherwise.
We have that

e The series is absolutely convergent.
e The series is uniformly convergent on [0, 1].

e The series has not a mayorant sequence.
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PrEVIOUS CONCEPTS

DEFINITION OF ANTI-M WEIERSTRASS’ SEQUENCE

The family A c ¢y(C(/)) of anti-M Weierstrass sequences of
functions, where an element f = (f,), € .A must fulfill the following
conditions:
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PrEVIOUS CONCEPTS

DEFINITION OF ANTI-M WEIERSTRASS’ SEQUENCE

The family A c ¢y(C(/)) of anti-M Weierstrass sequences of
functions, where an element f = (f,), € .A must fulfill the following
conditions:

(A1) The series Z fa(x) converges absolutely on /.

n=1
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PrEVIOUS CONCEPTS

DEFINITION OF ANTI-M WEIERSTRASS’ SEQUENCE

The family A c ¢y(C(/)) of anti-M Weierstrass sequences of
functions, where an element f = (f,), € .A must fulfill the following
conditions:

(A1) The series Z fa(x) converges absolutely on /.

n=1

(A2) The series Z fa(x) converges uniformly on /.
n=1
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PrEVIOUS CONCEPTS

DEFINITION OF ANTI-M WEIERSTRASS’ SEQUENCE

The family A c ¢y(C(/)) of anti-M Weierstrass sequences of
functions, where an element f = (f,), € .A must fulfill the following
conditions:

(A1) The series Z fa(x) converges absolutely on /.

n=1

(A2) The series Z fa(x) converges uniformly on /.
n=1

(A3) The series Z fa(x) does not possess a mayorant, that is
n=1

D llfalles = 400
n=1
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PrEVIOUS CONCEPTS

DEFINITIONS

Let X be a topological vector space (t.v.s.), A C X. We say that
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PrEVIOUS CONCEPTS

DEFINITIONS

Let X be a topological vector space (t.v.s.), A C X. We say that

o Ais lineable if IM c AU {0} v.s. of infinite dimension.
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PrEVIOUS CONCEPTS

DEFINITIONS

Let X be a topological vector space (t.v.s.), A C X. We say that
o Ais lineable if IM c AU {0} v.s. of infinite dimension.

e Ais spaceable if IM c AU {0} closed v.s. of infinite dimension.
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PrEVIOUS CONCEPTS

DEFINITIONS

Let X be a topological vector space (t.v.s.), A C X. We say that
o Ais lineable if IM c AU {0} v.s. of infinite dimension.
e Ais spaceable if IM c AU {0} closed v.s. of infinite dimension.

@ Ais dense-lineable if M can be chosen dense in X.
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PrEVIOUS CONCEPTS

DEFINITIONS

Let X be a topological vector space (t.v.s.), A C X. We say that
o Ais lineable if IM c AU {0} v.s. of infinite dimension.
e Ais spaceable if IM c AU {0} closed v.s. of infinite dimension.
o Ais dense-lineable if M can be chosen dense in X.

e Ais maximal-(dense)-lineable if dim(M) = dim(X).
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DEFINITIONS

Let X be a topological vector space (t.v.s.), A C X. We say that
o Ais lineable if IM c AU {0} v.s. of infinite dimension.
e Ais spaceable if IM c AU {0} closed v.s. of infinite dimension.
o Ais dense-lineable if M can be chosen dense in X.
e Ais maximal-(dense)-lineable if dim(M) = dim(X).

Let X be contained in some (linear) algebra A and B C A. We say
that
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PrEVIOUS CONCEPTS

DEFINITIONS

Let X be a topological vector space (t.v.s.), A C X. We say that
o Ais lineable if IM c AU {0} v.s. of infinite dimension.
e Ais spaceable if IM c AU {0} closed v.s. of infinite dimension.
o Ais dense-lineable if M can be chosen dense in X.
e Ais maximal-(dense)-lineable if dim(M) = dim(X).

Let X be contained in some (linear) algebra A and B C A. We say
that

e Bis algebrable if 3C c A so that C ¢ BU {0} and the cardinality
of any system of generators of C is infinite.
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PrEVIOUS CONCEPTS

DEFINITIONS

Let X be a topological vector space (t.v.s.), A C X. We say that
o Ais lineable if IM c AU {0} v.s. of infinite dimension.
e Ais spaceable if IM c AU {0} closed v.s. of infinite dimension.
o Ais dense-lineable if M can be chosen dense in X.
e Ais maximal-(dense)-lineable if dim(M) = dim(X).

Let X be contained in some (linear) algebra A and B C A. We say
that

e Bis algebrable if 3C c A so that C ¢ BU {0} and the cardinality
of any system of generators of C is infinite.

o [f in addition, A is a commutative algebra, we say that B is
strongly algebrable if BU {0} contains generated algebra which
is isomorphic to a free algebra.
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PrEVIOUS CONCEPTS

PREVIOUS CONCEPTS

DEFINITION

Consider now the family 7 ¢ C(/)N of all sequences of functions
u = (up)n such that
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PREVIOUS CONCEPTS

DEFINITION

Consider now the family 7 ¢ C(/)N of all sequences of functions
u = (up)n such that

e the interior of the supports of the u,’s are pairwise disjoint, that is

int(supp(un)) Nint(supp(um)) = @, Vn+#m, (F1)
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PrEVIOUS CONCEPTS

PREVIOUS CONCEPTS

DEFINITION

Consider now the family 7 ¢ C(/)N of all sequences of functions
u = (up)n such that

e the interior of the supports of the u,’s are pairwise disjoint, that is

int(supp(un)) Nint(supp(um)) = @, Vn+#m, (F1)

e the sequence u = (up), is uniformly bounded, that is

IM > Osuch that ||up||cc <M, VneN, (F2)
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PrEVIOUS CONCEPTS

PREVIOUS CONCEPTS

DEFINITION

Consider now the family 7 ¢ C(/)N of all sequences of functions
u = (up)n such that

e the interior of the supports of the u,’s are pairwise disjoint, that is

int(supp(un)) Nint(supp(um)) = @, Vn+#m, (F1)

e the sequence u = (up), is uniformly bounded, that is

IM > Osuch that ||up||cc <M, VneN, (F2)

o there exists

liminf ||up|lcc =: L > 0. (F3)
n—oo
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PrEVIOUS CONCEPTS

PREVIOUS CONCEPTS

LEMMA

Letu = (up)n € F and let a = (an)n C R. Then:
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PrEVIOUS CONCEPTS

PREVIOUS CONCEPTS

LEMMA

Letu = (up)n € F and let a = (an)n C R. Then:

1. The series Z anun(x) converges absolutely on I.
n=1

PABLO JOSE GERLACH MENA



PrEVIOUS CONCEPTS

PREVIOUS CONCEPTS

LEMMA

Letu = (up)n € F and let a = (an)n C R. Then:

1. The series Z anun(x) converges absolutely on I.
n=1

2. The series Z anun(x) converges uniformly on | if and only
n=1
ifae c.
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PrEVIOUS CONCEPTS

PREVIOUS CONCEPTS

LEMMA

Letu = (up)n € F and let a = (an)n C R. Then:

1. The series Z anun(x) converges absolutely on I.
n=1

2. The series Z anun(x) converges uniformly on | if and only
n=1
ifae c.

(0.0
3. The series > ||antn||os < +oc if and only ifa € k.
n=1
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CONSTRUCTING COUNTEREXAMPLES

EXAMPLES

EXAMPLE

Let | = [a, b] C R and consider the sequence u = (up), € C()N
given by
sin <2"7r <’;_ z) - 71') ifx € Iy,
Un(X) =
0 otherwise.
2" —1)a+b (2™ ' -1)a+b
where I, = [( 2,7) , ( 2n_1) ]
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CONSTRUCTING COUNTEREXAMPLES

EXAMPLES

EXAMPLE

Let | = [a, b] C R and consider the sequence u = (up), € C()N
given by

sin <2"7r <’;_ z) - 71') ifx € Iy,
Un(x) =

0 otherwise.

where |, =

(2"-1Na+b (2" -1a+b
on 2 on—1 :
Ifa=(an)n € cp\li then

f: (anUn)n € ./4
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CONSTRUCTING COUNTEREXAMPLES

TURNING A CONTINUOUS FUNCTION INTO AN
ANTI-M SEQUENCE

EXAMPLE

e Letf: | — R be a continuous functions.
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CONSTRUCTING COUNTEREXAMPLES

TURNING A CONTINUOUS FUNCTION INTO AN
ANTI-M SEQUENCE

EXAMPLE

e Letf: | — R be a continuous functions.
e Divide the interval | = [a, b] as | = U In where the I,’s are defined as

neN

- [(2"—1)a+b (1 —1)a+b}
n — 2n ) 2n,1 :
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CONSTRUCTING COUNTEREXAMPLES

TURNING A CONTINUOUS FUNCTION INTO AN
ANTI-M SEQUENCE

EXAMPLE

e Letf: | — R be a continuous functions.
e Divide the interval | = [a, b] as | = U In where the I,’s are defined as

neN

- [(2"—1)a+b (1 —1)a+b}
n — 2n ) 2n,1 :

e Define

Un(X) ::f(2n (2:2) —1), VXEI3,,_1.
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CONSTRUCTING COUNTEREXAMPLES

TURNING A CONTINUOUS FUNCTION INTO AN
ANTI-M SEQUENCE

EXAMPLE

e Letf: | — R be a continuous functions.
e Divide the interval | = [a, b] as | = U In where the I,’s are defined as

neN

(@2"-1a+b (2" '—1a+b
on Y 2on—1 :

Ih =

e Define

Un(X) ::f(2n (2:2) —1), VXEI3,,_1.

e Choosing any a = (an)n € co\h, we obtain that

f= (anUn)n € A
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MAIN RESULTS

ALGEBRABILITY

The family A of anti-M Weierstrass sequences is strongly
c-algebrable.
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MAIN RESULTS

ALGEBRABILITY

THEOREM

The family A of anti-M Weierstrass sequences is strongly
c-algebrable.

SKETCH OF THE PROOF

e Let H C (0,+00) be a Q-linearly independent set,
card(H) = ¢. Consider

fn’C(X) = an’cun(x),

where ap ¢ is chosen as ap¢c =
o
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MAIN RESULTS

ALGEBRABILITY

THEOREM

The family A of anti-M Weierstrass sequences is strongly
c-algebrable.

SKETCH OF THE PROOF

e Let H C (0,+00) be a Q-linearly independent set,
card(H) = ¢. Consider

fn’C(X) = an’cun(x),

1
log®(n)
e Let B be the algebra generated by {(f,.c)n : ¢ € H}.

where ap ¢ is chosen as ap¢c =
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MAIN RESULTS

ALGEBRABILITY

THEOREM (Bartoszewicz, Glab)

The set ¢\ U Ip is densely strongly c-algebrable in cg.
p>1

PaBLO JOSE GERLACH MENA



MAIN RESULTS

ALGEBRABILITY

THEOREM (Bartoszewicz, Glab)

The set ¢\ U Ip is densely strongly c-algebrable in cg.
p>1

THEOREM

Let 2 be a free algebra as above and u = (up)p € F.
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MAIN RESULTS

ALGEBRABILITY

THEOREM (Bartoszewicz, Glab)

The set ¢\ U Ip is densely strongly c-algebrable in cg.
p>1

THEOREM

Let 2 be a free algebra as above and u = (up)n € F. Then, the
algebra generated by the set

{(anun(x))n : @a=(an)n € A}

is free in the family of anti-M sequences of functions A

PABLO JOSE GERLACH MENA



MAIN RESULTS

LINEABILITY

The family A of anti-M Weierstrass sequences is strongly
c-algebrable.
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MAIN RESULTS

LINEABILITY

THEOREM

The family A of anti-M Weierstrass sequences is strongly
c-algebrable.

| \

COROLLARY

The family A of anti-M Weierstrass sequences is maximal
lineable.
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MAIN RESULTS

DENSE-LINEABILITY

LEMMA (Aron, Garcia, Pérez, Seoane)

Let X be a separable metrizable topological vector space,

A C X maximal lineable and B C X dense-lineable in X with
AN B =@. If Ais stronger than B then A is maximal
dense-lineable.
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DENSE-LINEABILITY

LEMMA (Aron, Garcia, Pérez, Seoane)

Let X be a separable metrizable topological vector space,

A C X maximal lineable and B C X dense-lineable in X with
AN B =@. If Ais stronger than B then A is maximal
dense-lineable.

LEMMA
The family A of anti-M Weierstrass sequences is maximal
dense-lineable in co(C(1)).

SKETCH OF THE PROOF
e Coo(C(/)) is a dense-lineable subset of cy(C(/)).
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MAIN RESULTS

DENSE-LINEABILITY

LEMMA (Aron, Garcia, Pérez, Seoane)

Let X be a separable metrizable topological vector space,

A C X maximal lineable and B C X dense-lineable in X with
AN B =@. If Ais stronger than B then A is maximal
dense-lineable.

LEMMA
The family A of anti-M Weierstrass sequences is maximal
dense-lineable in co(C(1)).

SKETCH OF THE PROOF

e Coo(C(/)) is a dense-lineable subset of cy(C(/)).
e coo(C(N))+AC A.
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Thank you very much for
your attention
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